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ADVERTISEMENT. 
The following Syllabus was drawn ! up for 
the uſe of Students who were to attend 
the Lectures of the Author; and is not in- 


tended to ſuperſede the peruſal of a more 
leat Syſt b 
compleat Syltem of Algebra. 
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INTRODUCTION. 


U ANTITY. which can be 4 0 | 

and is the object of mathematics, 
is of two kinds, Number and Extenſion. The 
former is treated of in Ariehmetic; - the lat- 
ter in Geometrr. 

Numbers are ranged in a Scale, by the 
continued repetition of ſome one number, 
which is called the Root; and, in conſequence 
of this: order, they are conveniently expreſ- 
ſed in words, and derioted by characters. 
The operations of arithmetic are eaſily de- 
rived from the eſtabliſhed method of nota- 
tion, and the moſt ſimple er con- 
cerning the relations of magnitude. 

Inveſtigations by the common ebene 
are greatly limited, from the want of cha- 
racters to, expreſs the quantities that are un- 
known, and their different relations to one 
another, and to ſuch as are known. Hence 
letters and other convenient ſymbols have 
been introduced to ſupply this defect; and 
thus gradually has ariſen the ſeirger of 

A Algebra, 
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Algebra, properly called uNIVERSAL 

| ARITHMETIC. | 

In the common arithmetic too, he given 

numbers diſappear in the courſe of the ope- 
ration, ſo that general rules can ſeldom be 
derived from it; but, in algebra, the known 
quantities, as well as the-unknown; may be 
expreſſed by letters, Which, through the 
whole operation, retain their original form; 
and hence may be deduced, not only gene- 
ral canons for like caſes, but the depen- 

dence of the ſeveral quantities concerned, 
and likewiſe the determination of a pro- 
blem, without exhibiting which, it is not 
completely reſolved. This general manner 
of expreſſing quantities alſo, and the gene- 
ral reaſonings concerning their connections, 
which may be founded on it, have render- 
ed this ſcience not leſs uſeful in the demon- 
ſtration of theorems, than in the agen 
of problems. 

If geometrical h be ſuppoſed to 
be divided into equal parts, their relations, 
ia reſpect of magnitude, or their 3 
tions, may be expreſſed by numbers; 


of w_ equal parts being denoted by 4 
. unit. 


6 


unit. Arithmetic, however, is uſed in ex= © 
preſſing only the concluſions of geometri- | 
cal propoſitions ; and it is by algebra, that 
the bounds and application of geometry 
have been of late fo far extended. 
The proper objects of mathematical 
ſcience, are NUMBER and EXTENSION; but 
mathematical inquiries may be inſtituted al- 
ſo concerning any phyſical quantities, that 
are capable of being meaſured or expreſſed 
by numbers and extended magnitudes : 
And, as the application of algebra may be 
equally univerſal, it has been called The 


Icience of quantity in general. 
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DEFINITIONS. 

I. UANTITIES which are 
| Q known, are generally repreſent- 
ed by the firſt letters of the alphabet, 
as a, b, c, &c. and ſuch as are un- 
known, by the laſt letters, as x, , 2, 

&c. VT 
II. The fign + (plus), denotes, that the 
quantity before which it is placed, is to 
be added. Thus a+b, denotes the ſum 


1 of a and 53 3+ 5 denotes. the ſum of 
4 3 and 5, or 8. When no ſign ĩ is pre 
4 _ kd, +18 underſtogd. L 

2 f Ul. 
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III. The ſign — (minus) denotes, that the 
quantity, before which it is placed, is 
to be ſubtracted. Thus, a—b denotes 
the exceſs of 4 above 6; 6—2 is the 
excels of 6 above 2, or 4. 

Note, Theſe characters + and}, — from their 
extenſive uſe in Algebra, are called the 
ins; and the one is ſaid to be oppoſite 
or contrary to the other, 

IV. Quantities which have the ſign + pre- 
fixed to them, are called poſetrve or /- 
firmatwve ; and ſuch, as have the ſign 
— prefixed to them, are called negative. 

V. Quantities which have the fame, ſign, 
either + or =, are alſo ſaid to have 
like /igns, and thoſe which have diffe- 
rent ſigns, are ſaid to have unlile fgns. 
Thus, Ta, Tb, have like figns, and +a, 
c, are ſaid to have unlike ſigns. 

VI. The Juxtapeſison of letters as in the 

ſame word, expreſſes the product of 
the quantities denoted by theſe letters. 
Thus ab expreſſes the product of a and 
b; Bed expreſſes the continued product 
of b, c, and d. The ſigu x alſo ex- 
preſſes 
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preſſes the product of any two quan- 
tities between which it is placed. 
VII. A number prefixed to a letter, is called 
Av a- numeral cbeſſicient, and expreſſes the 
product of the quantity by that num- 
ber, or how often the quantity denoted 

by the letter is to be taken. When no 
number is prefixed, unit is underſtood. 
VIII. The quotzent of two quantities is de- 
noted, by placing the dividend above a 
ſmall _ and the di ifor below it. 


Thus, — 2 is che quotient of 18 divided 7 | 


3, or 6; — — is the quotient of a divided 


by 5. "This expreſſion of a quotient is 
alſo called a fraction. 

IX. A quantity is ſaid to be ſimple, which 
conſiſts of one part or Term, as +a, — 
abc ; and a quantity is ſaid to be com- 
pound, when it conſiſts of more than 

one term, connected by the ſigns + 
—. Thus, a+6, a—b+c, are com- 
pound quaatities. If there are two 
terms, it is called a binomial; if three, 
a trinomal, &c. | : 


R, 


Ro 


— 


D 


L* 


X. Simple quantities, or the terms of com- 
pound quantities, are ſaid to be lie, 


which conſiſt of the ſame letter or let- 


ters, equally repeated. Thus 4b, — Hab, 
are like quantities; but dans and e 
are unlike. Tel 
XI. The equality of two nne is ex- 
preſſed, by placing the ſign between 


the 75 of x and a, is equal to the ex- 
ceſs of h above c. 
| When quantities are 0 abſtrack- 
ly, then + and — denote addition and ſub- 
traction only, according to Def. II. III. 
and the terms poſitive and negative expreſs 
the ſame ideas. In that caſe, a negative 
quantity by itſelf is unintelligible. The 


ſign + alſo is unneceſſary before ſimple 


quantities, or before the leading term of a 
compound quantity which is not negative; 
though, when ſuch a quantity or term is to 
be added to another, + muſt be placed be- 
fore it, to expreſs that addition; and hence 
in Def. II. it is ſaid, that + is underſtood, 
when no ſign is expreſſed, ; 
| | In 


2.5 ($3 

In geometry, however, and in certain 
applications of geometry and algebra, there 
may be an oppoſition or contrariety in the 
quantities, analogous to that of addition and 
ſubtraction ; and the ſigns + and — may 
very conveniently be uſed to expreſs that 
contrariety. In ſuch caſes, negative quan- 
tities are underſtood to exiſt by themſelves; 
and the ſame rules take place in operations 
into which they enter, as are uſed with re- 
gard to the negative terms of abſtraQ quan- 
tities. 3 
When, therefore, in the following ele- 
mentary rules, negative quantities are in- 
troduced as examples, they are to be under- 
ſtood, either as ſubtracted from poſitive 
quantities not expreſſed; or, as having ſuch 
an oppoſition as has now been mentioned, 
to other quantities marked with the ſign 


Of Axioms, 


LGEBRAICAL reaſonings are 
founded on a ſet of firſt principles, 
not leſs evident than the axioms of geo- 
metry. They are indeed fo ſimple, that it 


B is. 


30 
is unneceſſary; in this place, either to enu- 
merate, or to illuſtrate them. Beſides, a 
general axiom is not more evident than any 
particular propoſition comprehended in it. 


r 
-# undamental Operations. 


HE fundamental operations in Al- 
T gebra are the ſame as in common 
arithmetic; ADDITION, SUBTRACTION, 
MvuLttiPLICAaTION, and DivisioN; 
and from the various combinations of theſe 
four, all the others are derived. 


PROB. L 7 add Quantities. 


Simple quantities, dr the terms of com- 


pound quantities, to be added together, 
may be ile with like figns, like With un- 


lite ſigut, or they may be unlike.” 
Cask I. To add terihs that are like, and 
have like ſigns, 
Rule. Add together the coefficients, to their 
Jum prefix the common ſign, and ſuljoin the 
common letter or letters. | 
0. EXAMPLES, 


1 


EXAMPLES. 


To gab 34aa—ab 
Add 44 naa—2ab 
—  gaa—gab 
Sum gab —n 
1444 —8a60. 


CasE II. To add Terme that are like, 
but have unlike ſigns. 


Rule. Subtract the leſs coefficient from the 
greater; prefix the ſign of the greater to 


the remainder, and ſubjoin the common 
letter or letters. 


EXAMPLES. 


44.  +76bc — ga- 
+7a —3bc +2ab 
+ bc +3ab 
+34. 70 11 ———_— 
+5b6 © 


CASE Ill. To add Terms that are unlike. 
Rule. Set them all down, one after another, 
with their ſigns and coefficients prefixed. 

X AMPLE. | 


2a + 36 Wy 
4 —5c+8 5 8 


24 3b=5c+8- 


Com pound 


Compound quantities are added together, 
by uniting the ſeveral terms, of which 
they conſiſt, by the preceding rules. 
- EXAMPLE! 
gab—3xy—1 % 


The ſum of 3 Txy—ab + 15. 
ged—xy—mn _ 


is YL gab—3cd+ py 


| The rule for caſe III. may be Gina 
as the general rule for adding all Algebrai- 
cal Quantities whatſoever, and, by the rules 
in the two preceding caſes, the like Terms 
in the quantities to be added may be uni- 
ted, ſo as to render the expreſſion of the ſum 
more ee 0 baafini be 
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P R O B. u. 7 o ſubſtraf. Quantitier. 
General Rule. Change the ſigns of | the 
quantity to be ſubtracted into the contrary 
| h Ens, and then add it, ſo changed, to the 


quantity from which it was to be fubtrac- 


ted: (by Prob. I.) the Jum ari Ving by this 
een, 7s the remainder. 


EXAMPLES. 


(14) 
"EXAMPLES. 


From 454 % 16% 
Sabtract S 


Rem. E „ \4ab—1 6bc—mb 
Fu . 
Subt. 24—4b+gc—d 


| Rem. Ja—3b#+8+4 


When a poſitive. quantity is to be ſub- 
tracted, the rule is obvious from Def. 3. : 
In order to ſhew it, when the negative part 
of a quantity is to be ſubtracted, let 4 
be ſubtrated from a, the remaitider, accor- 
ding to the rule, is a— d. For, if c is 
ſubtracted from a, the temainder is a=, (by 
Def. 3.) ; but this is too ſmall, becauſe e is 
ſubtracted inſtead of c—d, which is lefs 
than it by d; the remainder therefore is too 
ſmall by 4; and d being added; it is 
a—ctd, according to the rule, 

© Otherwiſe, If the quantity d be added t 4 
theſe two quantities a, and Cd, the differ- 
ence will continue the ſame ; that is, the 
exceſs of a above -d, is equal to the 
exceſs of ad above c—d+4; that is, to the 
exceſs of a+d above c, which plainly is 
a 


rs) 


ard -, and 1 i therefore the remainder re- 
quired, _ $ 
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PROB. II. 25 multiply Quantities. 


General Rule for the figns. When the e gut 
of the two terms to be multiplied are like, 
the ſign of the product is + but, when 
the figns are unlike, the fign of the produtt 
1s — 


Casx I. To multiply two terms. 


Rule. Find the ſign of the product by the 
general rule; after it place the product 
of the numeral coefficients, and then ſet 
down all the letters one after another, as 


in one word, 
Mult. +a +5b | — ax 
By +6 —3C —7ab 
+ab —1I5bc + Ia a 
I be reaſon of this rule is derived from 
Def. 6. and from the nature of multiplica- 


tion, which is a repeated addition of one of 
the quantities to be multiplied as often as 


there are units in the other. Hence alſo 
the 
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the letters in two terms multiplied together 


may be placed in any order, and therefore 
the order of the — is rr pre- 
ferred. : 
Cask II. To multiply compound Juan; 
tities. 
Rule. Multiply every term of the multipli- 
cand by all the terms of the multiplier, 
one after another, according to the pre- 
ceding rule, and then collect all the pro- 
| dudts into one ſum ; that ſum is the pro- 
duct required. 


EXAMPLES. 


By 3ax—4by mx 
6aax-+gabx mm+mXx 


r 20 by —MX—XXx 
Prod. 6aax+9abx—Bah—1 ih mmææx—xx 


M ult. 4 —5 
N By c—d 
ac—cb 
 —ad+db 


Prod, ac—cb—ad+db 


Of the general Rule for the Signs 


io/Þbe reaſon of that rule will appear, by 
proving it, as applied to the laſt mentioned 
example of a—b multiplied by -d, in 
which every caſe of it occurs. 

Since multiplication is a repeated addi- 
tion of the multiplicand, as often as there 
are units in the multiplier, hence, if a—b 
is to be multiplied by c, a—6 muſt be add- 
ed to itſelf, as often as there are units in 
c, and the product therefore mult be ca—cb. 
(Prob. J.) 

But this product is too great; for a—b 18 
to be multiplied, not by c, but by c- on- 
ly, which is the exceſs of c above d; d 
times a—b, therefore, or da—db, has been 
taken too much ; hence, this quantity muſt 
be ſubtracted from the former part of the 
product, and the remainder, which (by 
prob. II.) is ca—cb—ga+db, will be the 
true product required. | 

Def. XII. When ſeveral Quantities are 
multiplied together, any of them is called 4 
* of the Product. 

C XIII. 
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XIII. The products arifing from the 
continual multiplication of the ſame quan- 
tity, are called the Powers of that quanti- 
ty, which is the Root. Thus, aa, aaa, aaaa, 
&c. are powers of the root a. bnd 

XIV. Theſe powers are expreſſed, by 
placing above the root, to the right hand, a 
figure, denoting how often the root is re- 
peated. This figure is called an index or 
exponent, and from it the power is denomi- 
nated. Thus, 


2 iſt Power of the Root Jai or 4 
. 
aa =o Y2d a, and is o- a2 
aaa (8 5 3d therwiſe expreſ- ¶ a3 
aaaa 2.2 ath ſed by 44 &c. 


The 2d and 3d powers are generally 
called the Square and Cube ; and the 4th, 
5th, and 6th, are alſo ſometimes reſpective- 
ly called the Brquadrate, Surſolid, and Cu- 
Bocube. | 

Cor. Powers of the ſame root are multi- 
plied by adding their exponents. Thus, 
a Xx Sa, or aaa x aa aaaaa, bx S. 


SCHOLIUM. 
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SCHOLIUM. 

Sometimes it is convenient to expreſs the 
multiplication of quantities, by ſetting them 
down with the ſign (x) between them, 
without performing the operation accor- 
ding to the preceding rules; thus @*Xb's 
written inſtead of a*b; and a—b XR =, 
expreſſes the product of a—b, multiplied 
by c—d. | 

Def. XV. A Vinculum is a line drawn 
over any number of terms of a compound 
quantity, to denote thoſe which are under- 
ſtood to be affected by the particular ſign 
connected with it. 

Thus, in the laſt example, it ſhews, that 
the terms Ta and —b, and alſo c and —d_ 
are all affected by the ſign (x), Without 
the vinculum, the expreſſion a-—bXc—d, 
would mean the exceſs of à above bc and 
4; and a—bxXc—d would mean the exceſs 
of the Produ of a—b by c, above 4. Thus 
alſo, a+6)', expreſſes the ſecond power of 
ab, or the product of that quantity mul- 
tiplied by itſelf ; whereas aT would ex- 


prels 


11 


preſs only the ſum of a and b; and fo of 
others. By ſome writers a parentheſis () 
is uſed as a vinculum, & (a+6)* is the ſame 
thing as 4 T0). | 
PRO B. IV. Je divide quantities 


General rule for the ſigns. J/ the figns of 
the diviſor and dividend are like, the frgn. 
of the quotient is ; if they are untike, 
the ſigu of the quotient 1s —, \.... 

This rule is eaſily deduced from that 
given in Prob. 3.3 for, from the nature of 
diviſion, the quotient maſt be ſuch a quan- 
tity as, multiplied by the diviſor; ſhall pro- 
duce the dividend with its proper ſign. 

From Det. 8. the Quotient of any two 
Quantities may be exprefled, by placing 
the dividend above a line, and the diviſor 
helow it. But a quotient may often be ex- 
prefſed in a more ſimple and convenient 
form, as will appear from the following 
diſtinction of the Caſes. 

Caſe I. When the diviſor is ſimple, and 
is a Facfor of all the terms of the Dividend. 
This is eaſily diſcovered by inſpection; 


for 
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for then the coeſſicient of the diviſor mea- 
ſures that of all the Terms of the dividend, 
and all the letters of the diviſor are found 
in every Term of the Dividend. 


Rule. The letter or letters in the AY 
are to be expunged out of each term in the 
dividend, and the coefficients of each term 
to be divided by the coefficient of the di- 

v1/or ; the quantity e 10 the + ag 

a ; - | | 14. 

Ex. a) ab(b. 2aab) holders ( ove 


The reaſon of this is evident from the 
nature of diviſion, and from def. 6, 

Note. It is obvious from corollary to 
prob. 3. that powers of the ſame root 'are 
divided by wg cheir exponents. 


Thus af)a? (a @3)a? (44. alſo a) 45 (abs. 


Cas Il. When the diviſor is ſimple, 
but not a factor of the dividend. 


Rule. The quotient 1s expreſſed by a frac- 
tion, according to def. 8. wiz, by Placing 
| the 


— ig - 


— 


== W — — 
2 A ee —˙ — i eee 
- 


- £©—— I — 
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tbe diuidend above a line, and the Ou 
below it. 
Thus the quotient of 30b divided by 


; 


3 
zmbe is the fraction 1 | 


Such expreſſions of quotients may often 
be reduced to a more {imple form, as ſhall 
be explained in the ſecond part of this 
chapter. 


Case III. When the diviſor is com- 
Pound. 


RULE. 


1. The terms of the dividend are to be ran- 
ged according to the powers of ſome one 
of its letters; and thoſe of the diviſor, 
according to the powers of the ſame let- 

ter. 


Thus, if a*+2ab+8* is the dividend, and 
arb the diviſor, they are ranged according 


to the powers of a2. 5 


2. The firſt term of the dividend is to be di- 
vided by the firſt term of the diviſor, (ob- 
Feruing 


V 
13 


( 23 ) 
ſerving the general rule for the figns ;) 


und this quotient being ſet down as a part 
3 / the quotient wanted, 15 to be multi- 
3 ' plied by the whole diviſor, and the pro- 
4 duct ſubtracted from the dividend. If no- 


1 thing remain, the diviſion is fin ſhed : the 
4 remainder, when there 1s any, 15 a new 


diuidend. 


Thus, in the preceding example, &a* di- 
vided by a, gives a, which is the firſt part 
of the quotient wanted : and the product 
of this part by the whole diviſor a+6, viz. 
arab being ſubtracted from the given 
dividend, there remains in this example 


abr. 


3. Divide the fin term of this new divi- 
dend by the firft term M the diviſor as be- 
fore, and join the quotient to the part al- 
ready found, with its proper fign : then 
multiply the whole diviſor by this part of 
the quotient, and ſubtract the product from 
the new dividend : and thus the opera- 
tion is to be continued, till no remainder is 
left, or till it appear, that there will al- 


ways be a remainder, 


Thus, 


24 ) 
0 Thus, in the preceding example, ab 
che firſt term of the new dividend divided 
by a, gives 6 ; the product of which, mul 
tiplied by arb, being ſubtracted from 
abr, nothing remains, and 4 is tñꝗe 
true quotient. 
The entire roll gh is as follows. 
arb) a*+2ab+6* (a+6 
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It often happens, - as in the laſt example, 
that there is ſtill a remainder from which 
the operation may be continued without 
end. This expreſſion of a quotient is cal- 
led an infinite ſeries ; the nature of which 
ſhall be conſidered afterwards. By compa- 
ring a few of the firſt terms, the /aw of 
the ſeries may be diſcovered, by which, 
without any more diviſion, it may be con- 
tinued to any number of terms wanted, 


\ Of the General Rule. 


The reaſon of the different parts of this 
rule is evident; for, in the courſe of the o- 
peration, all the terms of the quotient ob- 
tained by it, are multiplied by all the terms 
of the diviſor, and the products are ſucceſ- 
ſiyely ſubtracted from the dividend, till no- 
thing remain: that, therefore, from the na- 
ture of diviſion, muſt be the true quotient. 

Note. The ſign + is ſometimes uſed to 
expreſs the quotient of two quantities, be- 
tween which it is placed: Thus, 


&+x*+a+x, expreſſes the quotient of 
a r* divided by a+x. 


D CHAP, 


(4) 


G 
P AR T I. 


of FRACTION 8. 


DEFINITIONS. 


HEN a quotient is expreſ- 

ſed by a fraction, the divi- 
dend above the line is called the nume- 
rator ; and the diviſor below it 1s cal- 
led the denominator. 


II, If the numerator is leſs than the de- 
nominator, it is called a proper frac- 
tion. | 


III. If the numerator is not leſs than the 
denominator, it is called an improper 
Jraction. * 

IV. 
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IV. If one part of a quantity is an integer, 
and the other a fraction, is is called a 
mixt quantity. 


V. The reciprocal of a fraction, is a frac- 
tion whoſe numerator is the denomi- 
nator of the other; and whoſe deno- 
minator is the numerator of the other. 
The reciprocal of an integer is the quo- 
tient of 1 divided by that integer. Thus, 


5 l a x 
is the reciprocal of 7; and y is the 


reciprocal of m. . 


The diſtinctions in Def. II. III. IV. pro- 
perly belong to common arithmetic, from 


which they are borrowed, and are ſcarcely 
uſed in ne ' 


The operations concerning fractions are 
founded on the following propoſition : 


If the diviſor and dividend be either both 
multiplied, or both divided, by the ſame 
"quantity, the quotient 1s the ſame ; or, if both 
the numerator and denominator of the frac- 
tion be either multiphed or divided by the 


fame 
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fame quantity, the value of that nd 10 
the ſame. 


Thus, let — then —=o For, from the 


nature of diviſion, if the quotient — (=:) 
| q 7 Fog 


be multiplied by the diviſor 6, the 
product muſt be the dividend a. Hence 


(* * 4 and likewiſe ma=mbc, and 
dividing both by mb, 2 =;, Converſely, 


if <=, then alſo 7. 


* 
5 


Cor. 1. Hence a fraction may be reduced 
to another of the ſame value, but of a more 
ſimple form, by dividing both numerator 
and denominator by any common meaſure. 


D 


12ab 2b 
Sab+6ac__ 4b +36: - 
4a* 2a 


Cor. 2. A fraction is multiplied by any 
integer, by multiplying the numerator, or 
dividing the denominator by that integer : 
and converſely, a fraction is divided by any 

integer, 


(29) 


integer, by dividing the numerator, or mul- 
tiplying the denominator by that integer. 


Prob. I. To find the greateſt common 
meaſure of two quantities, 


1. Of pure numbers. 


Rule, Divide the greater by the leſs : and, 
if. there 1s no remainder, the leſs is the 
greateſt common meaſure required. If 

there is a remainder, diuide the laſt divi- 
for by it ; and thus proceed continually 
dividing the laft diviſor by its remainder, 
till no remainder is left, and the laſt diui- 
for is the greateſt common meaſure re- 


quired. 


The greateſt common meaſure of 45 and 
63 is 9; the greateſt common meaſure of 
187 and 391 1s 17. Thus, 


45) 63 (1 187) 391 (2 
45 374 
18) 45 (2 17) +l (11 
36 187 
9) 18 (2 * 
18 
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From the nature of this operation it is 
plain, that it may always be continued, till 
there be no remainder. The rule depends 
on the two following principles. | 

1. A quantity which meaſures both di- 
viſor and remainder, muſt meaſure the di- 
vadend. 

2. A quantity which meaſures both di- 
viſor and dividend, muſt alſo meaſure the 
remainder, | 

For a quantity which meaſures two o- 
ther quantities, muſt alſo meaſure both their 
ſum and difference; and, from the nature 
of diviſion, the dividend conſiſts of the di- 
viſor repeated a certain number of times, 
together with the remainder. By the firſt 
it appears, that the number found by this 
rule is a common meaſure ; and, by the ſe- 
ſecond, it is plain there can be no greater 
common meaſure ; for, if there were, it 
muſt neceſſarily meaſure the quantity al- 
ready found leſs than itſelf, which is ab- 
ſurd. 

When the greateſt common meaſure of 
algebraical quantities is required, if either 


of them be ſimple, any common ſimple 
| diviſor 


(a!) 


diviſor is eaſily found by inſpection. If 
they are both compound, any common 
ſimple diviſor may alſo be found by inſpec- 
tion. But, when the greateſt compound di- 
viſor is wanted, the e rule is to be 
applied; only, 

2. The fample diviſors of and if the Quan 
e are to be taken out, the remainders in 
the ſeveral operations are alſo to be divided 
by their ſimple diviſors, and the quantities 
are always to be ranged according to the 
powwers of the ſame letter. 
The imple diviſors in the given quan- 
tities, or in the remainders, do not affect a 
compound diviſor which is wanted; and 
hence alſo, to make the diviſion ſucceed, any 
of the dividends may be multiplied by 2 
ſimple quantity. Beſides the ſimple divi- 
ſors in the remainders not being found in 
the diviſors from which they ariſe, can 
make no part of the common meaſure 
ſought ; and for the ſame reaſon, if in ſuch 
a remainder, there be any compound divi- 
ſor which does not mealure the diviſor from 
Which it proceeds, it may be taken out. 


_ EXAMPLES, 


tw) | 


EXAMPLES, 


a5—þ 


.., —2abh2f ater which 
divided by —26 is a—d) a*—b? (a+b 
| a3 —þ? 


* * 


If the quantities given are 84*Þ*—10ab*+261, 
and 9a“ —ga'E+3a*b —3ab), The 
ſimple diviſors being taken out, viz. 


out of the firſt, it becomes 


44 — abr, and 3ab out of the ſecond, it 

is 34%—3a*b+ab*—Þ, As the latter is to be 

divided by the former, it muſt be multipli- 

ed by 4. to make the operation ONE, and 
then it is as follows. 


—cab+b*) 124—1 2a*b4+4ab*—4þ3 ( 4 
465 124*—1 ,a*b+3ab* ? 


— — — * 


3 bhab*—4b3 


This remainder is to be divided by 6, 
and the new dividend multiplied by 3, to 
make the diviſion proceed, Thus, 


34 


( 33 ) 


2 124.— 10 T30% (4 
I 124#+4ab—1 6h" 


,, —1gabH mY 


and this ad divided by —196, gives 


a—b, which being made a diviſor, divides 


3a» 4.ab—46b: without a remainder, and 
therefore a—b6 is the greateſt compound di- 
viſor : but there is a ſimple diviſor 5, and 
therefore a—bxb is the greateſt common 
meaſure required. 


Prob. II. To reduce a fraction to its low= 
eſt terms. 


Rule. Divide both numerator and denomi- 
nator by their greateſt common meaſure; 
. which may be found by prob. 1. 


Thus, 2555 — 2 pbe being the greateft common 
125bcx— 5x. 50 
4—þb4 4476 
meaſure, 55 7.5 ET alſo, 
gatb—ga%*+ i e +346} 
dalia TA © Bab— 226? 


eſt common meaſure being a—bxb by prob. x. 


the gteat« 


Prob. III. To reduce an integer to the 
form of a fraction. 


E A Rule. 


„ 
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Rule. Multiply the given integer by any 
quantity for a numerator, and ſet that 
quantity under the product, for a deno- 
minator . | = 


Thus, a= = a+b= — 


Cor. Hence, in the following . — 
concerning fractions, an integer may be i in- 
troduced; for, by this problem, it may be 
reduced to the form of a fraction. The 
denominator of an integer is on 
made 1. 


Prob. IV. To reduce fractions with dif- 
ferent denominators to fractions of equal 
value, that ſhall have the fame denomina- 
tor. 


Rule. Multiply each numerator, ſeparately 
taken into all the denommators but ts 
own, and the produtts ſhall give the new 
numerators. Then multiply all the deno- 
minators into one another, and the product 
ſhall give the common denominator. 


Example. 


E bdf = 


The reaſon of the operation appears from 


the preceding propolition ; for the nume- 
rator and denominator of each fraction are 
multiplied by the ſame quantities; and the 
value of the fractions therefore is the ſame, 


Prob. V. To add and ſubtract fractions. 


Rule. Reduce them to a common denomina- 
tor, then add or ſubtract the numerators; 
and the ſum or difference ſet over the com- 
mon. denomimator is the ſum or remainder 
required. 


adfbcbf+bde 


Ex. Add together ©? 7 ＋ the ſum is 
ad— e 


From _ ſubt. 55 the difference is 


From the nature of diviſion it is evident, 


that, when ſeveral quantities are to be di- 


vided by the ſame diviſor, the ſum of the 
quotients is the ſame with the quotient of 
the ſum of the quantities divided by that 
common diviſor. 


2 


"4 


In 


( 36 ) 


In like manner the difference of two 
fractions having the ſame denominator, is 
equal to the difference of the numerators 
divided by that common denominator. 
Cor. 1. By Cor. Prob. 3. Integers may 

be reduced to the form of fractions, and 
hence integers and fractions may be added 
and ſubtracted by this rule. Hence alſo 
what is called a mixt quantity may be re- 
duced into the form of a fraction by bring- 
ing the integral part into the form of a 
fraction, with the ſame denominator as the 
fractional part, and adding or ſubtracting 
the numerators according as the two parts 
are connected by the ſigns + or —, 


F bd C2 2.—52 


24 —4- +b* 46 


| 2a AG” 


Cor. 2. A fraction, whoſe numerator is a 
compound quantity, may be diſtinguiſhed 
into parts, by dividing the numerator into 
ſeveral parts, and ſetting each over the ori- 
ginal denominator, and uniting the new 
| fractions, 


6370 
fractions, (reduced if neceſſary) of the igns 
an their numerators. 


bus . eee . e. wad — 3 2. 
* 8 224 2 * 


Prob. VI. To multiply fraQions. 


Rule. Multiply their numerators into one 
another, to obtain the numerator of the pro- 
duct; and the denommators, multiplied 
into one another, ſhall give the denomina- 
tor of the product. 


a ac a+b ,a—b a*—þ* 
mags "bd. E 


For, if 55 is to be multiplied by c, the product is 


but if it is to be multiplied only by — 2 the ſor- 
mer product muſt be divided by d, and it becomes 


ca 


F 2. to the preceding problem.) 


and ac=bdmn, and (mn) ＋* 2 md 


d bd. 


Prob. VII. To divide fractions. 


Rule. Multiply the numerator of the divi- 
dend by the denominator of the diuiſor; 
their 


( 38 ) 


their praduci ſhall give the numerator of 

the quatient. Then multiply the denomi- 
nator of the druidend by the numerator of 
the diuiſor, and their. product ſhall give 
the denominator. 

Or, Multiply the dividend by the reciprocal 
of the drviſor ; the product will be the 
quotient wanted. 


For, if © is to be divided by a, the quotient is 
25 but. 7 is to be divided, not by a, but by ** there- 
fore the former quotient moſt be multiplied by ö, and 
it is 2 | 

da. 
Or, let en, and 7 n; then a=bm, and 


- bdn _ 
c=dn; alſo ad=bdm and bc=bdn ; therefore n=) 


n _be 
m ad. 


SCHOLIUM, 


By theſe problems, the four fundamen- 


tal operations may be performed, when any 
terms 
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terms of the original quantities, or of thoſe 
which ariſe in the courſe of the operation, 
are m | 


4 
Example Mult. 2 — 22 
2X 26 
ab 
5 x 4 
Prod, ©? — © * 2 
o 


Tkis quotient becomes a ſeries, of which 
the law of continuation is obvious, without 
any farther operation. 


5 


— 
— o —_ — _ 
—— n 
— l — — —ę—e— _- 
— en won. — Ine my ms > ont r= aA ne 
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In ſuch caſes, when we arrive at a re- 

mainder of one term, it is commonly ſet 
down with the diviſor below it, after the 
other terms of the quotient, which then be- 
comes a mixt quantity. 


Thus the laſt quotient is alſo expreſſed by 


4—X +2 


CHAP. 


* 
x 41 


v.14 


of Proportion. 


I Y the preceding aptationg quanti- 
ties of the ſame kind m be com- 
pared together. 
The relation ariſing from this compari- 


ſion is called Ratio or Proportion, and is of 


two kinds. If we conſider the difference 
of the two quantities, it is called Ar:thme- 
tical Proportion; and if we conſider their 
quotient, it is called Geometrical Proportion. 
This laſt being moſt generally uſeful, is 
commonly called ſimply Proportion. 


1. Of Arithmetical Proportion. 


Definition. When of four quantities the 
difference of the firſt and ſecond is equal to 
the difference of the third and fourth, the 
quantities are called arithmetical propor- 
tional. | 

Cor. Three quantities may be arithmeti- 
cally proportional, by ſuppoſing the. two 


middle terms of the four to be equal. 
F Prop. 


— 2 


' 
1 


— 


— CC 


5 - 
. . ⁰¹¹r A Ir Co —o———_— — — Ss — — 
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Prop. In four quantities arithmetically 
proportional, the ſum of the extremes is 


equal to the ſum of the means. 


Let the four be a, 6, e, d. Therefore 
from Def. a—b=c—4; to. theſe add 
b+dand a+d=b+c. 


Cor. 1. Of four arithmetical proportion- 
als, any three being given, the fourth may 


be found. 


Thus, let a, b, c, be the 1, 2d, and 4th 
terms, and let x be the 3d which 1s ſought. 
Then by def. a+c=b+ x, and æ a b. 


Cor. 2. If three quantities be arithmeti- 
cal proportionals, the ſum of the extremes 
is double of the middle term; and hence, of 
three ſuch proportionals, any two being gi- 


gen, the third may be found. 


2. Of Geometrical Proportion. 


Definition. If of four quantities, the 
quotient of the firſt and ſecond is equal to 
the quotient of the third and fourth, theſe 
quantities are ſaid to be in geometrical pro- 


portion. They are alſo called proportionali. 
Thus, 


6 


Fs. 


Thus, if a, ö, c, d, are the four quantities, 


a C . S 44 
then =. and their ratio is thus denoted, 
a:b::c:4d. 


Cor. Three quantities may be geometri- 
cal proportionals, viz. by ſuppoſing the two 
middle terms of the four to, be equal, If 


_ | 8:0 
the quantities are a, b, c, then 5=—* and 


the proportion is expreſſed thus, a: b: c. 


Prop. I. The product of the extremes of 
four quantities geometrically proportional 
is equal to the product of the means: and 
converſely. | 


Let a: ö: : c: d. 
Then by Def. =D 
and multiplying both by bd, ad=bc. 
If ad = bc, then dividing by bd, that is 
a: b: 10d. ä 
Cor. 1. The product 6f the extremes of 
three quantities, geometrically proportion- 


al, is equal to the ſquare of the middle 
term, 


Cor. 


(44) 
Cor. 2. Of four quantities geometrically | 


proportional, any three being given, the 
fourth may be found. 


Ex. Let a,b, c, be the three firſt; to find 
the 4th. Let it be xk, then a: bB: :: x 
and by this propolition, 


fy . ax=bc 
and diyiding both by 4, x = 


This coincides with the Rule of. Three in 
arithmetic, and may be conſidered as a de- 
monſtration of it. In applying the rule to 
any particular caſe, it is only to be obſer- 
ved, that the quantities muſt be fo connected 
and ſo arranged, that they be proportional, 
according to the preceding definition. 
Cor. 3. Of three geometrical] proportion- 
als, any two being given, the third may be 
found. | 4 > 


Prop. II. If four quantities be geometri- 
cally proportional, then if any equimultiples 
whatever be taken of the firſt and third, and 
alſoany equimultiples whatever of the ſecond | 
and fourth ; if the multiple of the firſt be 
greater than that of the ſecond, the mul- 
: tiple 


( 45 ) 
tiple of the third will be greater than that 
of the fourth ; and if equal, wed, and if 
leſs, leſs. 

For, let a, 6, c, d, be the four proportion- 
als. Of the firſt and third, na and mc may 
repreſent any equimultiples whatever, and 
alſo, nb, nd, may repreſent any equimul- 
tiples of the ſecond and fourth. Since 
a:b::c:d, ad=bc; and hence multiply- 
ing by mn, mnad = mnbc, and therefore 
(Conv. Prop. 1.) ma:nb::mc:nd; and 
from the definition of proportionals, it is 
plain, that if ma is greater than ub, mc muſt 
be greater than nd; and if equal, * 
_ and if leſs, leſs. 

Prop. III. If four quantities are propor- 
tionals, they will alſo be proportionals when 
taken alternately or inverſely, or by compo- | 
ſition, or by drviſton, or by converſion. See 
def. 13. 14. 15. 16. 17. of book: V. of 
Fuclid, Simſon's edition. 

By Prop. II. they will alſo be propor- 
tionals according to Def. 5. book V. of 
Fal and therefore this propoſition is 

demonſtrated 
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demonſtrated by Propoſitions I6, B. ah 
17, E of the ſame book. | 


Other wiſe algebraically. 
Let a: b:: c: d, and therefore ad=bc. 


Altern. a: c:: 6: 4 

Invert. 6: a:: d: e 
Divid. a—b:b::c—d:d © 
Comp. ar: G:: c＋144:d 
Convert. a: a—5: : c c—-4 


For ſince ad be, it is obvious, that in each 
of theſe caſes the product of the extremes 
is equal to the product of the means; 
the quantities are therefore proportionals. 
(prop. 1.) 

Prop. LV. If four numbers be proportionals, 
according to Def. 5, V. B. of Euclid, they 
will be geometrically proportional, according 
to the preceding definition, 

I, Let the four numbers be integers, and 
let them be a, b, c, d. Then if ô times a and 6 
times c be taken, and alſo a times band a times 
d, ſince ba the multiple of the firſt is equal to 
ab the multiple of the ſecond, bc, the mul- 

tiple 


. - 


t | 
tiple of the third, muſt be equal to ad the 
multiple of the fourth. And ſince bc = ad, 
by prop. 1. a, 6, e, and d muſt be geome- 
trical proportionals. 

2dly, If any of the numbers be frac- 
tional, all the four being multiplied by the 
denominators of the fractions, they con- 
tinue proportionals, according to Def. 5. 
B. V. Euclid. (by prop. IV. of that book.) 
and the four integer quantities produced 
being ſuch proportionals, they will be geo- 
metrical proportionals, by the firſt part of 
this prop. ; and therefore, being reduced by 
diviſion to their original form, they mani- 
feſtly will remain proportionals, according 
to the algebraical definition. 


CHAP. 


A 


6 
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Of Equations in general, and of the Solu- 
tion of fample Equations, 


DEFINITIONS, 


A N Zquation may in general be 
defined to be a propoſition aſ- 


ſerting the equality of two quantities; 


and is expreſſed by placing the ſign = 


between them. 


When a quantity ſtands alone upon one 
ſide of an equation, the quantities on 
the other ſide are ſaid to be a value of 
it. Thus in the equation x = 575 - d, 


x ſtands alone on one * and b+ ik 
is a value of it. | 


m. When an unknown quantity is made to 


ſtand alone on one ſide of an equation, 


G and 


6 
( 5+ ) 


and there are only known quantities on 
the other; that equation is ſaid to be 
reſolved; and the value of the unknown 
quantity is called a root of the equa- 
tion. 


IV. Equations containing only one un- 
known quantity and its powers, are di- 
vided into orders, according to the 
higheſt power of the unknown quanti- 
ty to be found in any of its terms, 
"heron qu iſt, Fut Simple, 
the unknown quan- > 2d, on is called 4 Puadrat. 
tity in anyterm be the ) 3d, &c. EY 
But the exponents of the unknown quan- 
tity are ſuppoſed to be integers, and the 
equation is ſuppoſed to be cleared of frac- 
tions, in which the unknown quantity, or 
any of its powers, enter the denominators. 
Thus, x + a= Wis a ſimple equation ; 
3x—E= 12, when cleared of the fraction 
by multiplying both ſides by 2x, becomes 
6x* —5=24x a quadratic, x — 2x*=x*—20 
is an equation of the 6th order, &c. 


Ag 
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As the general relations of quantity 
which may be treated of in Algebra, are 
almoſt univerſally either that of equality, 
or ſuch as may be reduced to that of equa- 
lity, the doctrine of equations becomes one 
of the chief branches of the ſcience. x 

The moſt common and uſeful applica- 
tion of Algebra, is in the inveſtigation of 
quantities that are unknown, from certain 
given relations to each other, and to ſuch 
as are known; and hence it has been called 
the Analytical Art. The equations em- 
ployed for expreſſing theſe relations muſt 
therefore contain one or more unknown 
quantities, and the principal buſineſs of 
this art will be, the deducing equations 
containing only one unknown quantity, 
and reſolving tgem. | 

The ſolution of the different orders of 
equations will be ſucceſſively explained; the 
preliminary rules in the following ſeQion 
are uſeful in all orders, and are alone ſuffi- 
cient for the ſolution of ſimple equations, 


SECT, 


( ye } 
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Of fample Equations, and | their Reſolution. 


Simple equations are reſolved by -the 
four fundamental operations already ex- 
plained ; and the application of them to 
this purpoſe is contained in the following 
rules, | 


Rule I. Any quantity may be tranſpoſed 
rom one fide of an Equation to the other, 
by changing its ſign. | 


Thus, if 3x —10=2x+5 


Then, 3x —2x=10 +5 or x = 15 
Thus alſo, 5x T UA & 
By tranſp. 3x = a—6b, 


This rule is obvious from prob. 1, and 
2. ; for it is equivalent to adding equal 
quantities to both ſides of the equation, or 
to ſubtracting equal quantities trom both 
ſides. 


Cor, The ſigns of all the terms of an e- 
quation 
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quation may be changed into the contrary 
ſigns, and it will continue to/ be true. 


Rule II. Any quantity hs which * un- 
known quantity is multiplied may be ta- 
ken away, by dividing all the other quan- 
tities of the Equation by it. = | 


2 - * 


Thus, if ax =b ; . 
* 2 hel | 
\« Alfa; if mx I ub = am | It 
nb . ens 
x — — * a 14175. 
* 3 


For if equal quantities are divided by the 
ſame J the quotients are equal, 


Rule III. If a term of an Equation i is frac- 
tional, its denommator may be taken. a- 


dar, by multiplying all the other terms 
by tt. © 


Thus, if © =b + Att, if 8 
en n 1 
x ab TA 2 —b=cx 


And by tranſ. ax—cx =6b 

And by div. x = "iQ. 

For if all the terms of the equation are 
multiplied 
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multiplied by the ſame quantity, it remains | 
a true propoſition, | 


Corollary to the three laſt rules. 


If any quantity be found on both ſides 
of the equation, with the ſame ſign, it may 
be taken away from both. (Rule I.) 

Alſo, if all the terms in the equation are 
multiplied or divided by the ſame quantity. 
it may be taken out of them all. (Rule II. 
and III.) 


Ex. If za Ta 4＋, then 3x b. 
If 2ax + 3ab =ma + a*, then 2x ＋ 36 =m +a, 


KE> mite = then #—4 = 16: 


Any ſimple equation may be reſolved by 
theſe rules in the following manner. 
I/, Any fractions may be taken away by 
R. 3. 2dly, All the terms including the 
unknown quantity, may be brought to one 
fide of the equation, and the known terms 
to the other by R. 1. Lay, If the un- 
known quantity is multiplied by any 
known quantity, it may be made to ſtand 
alone 
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alone by R. 2. and the equation will then 
be reſolved. Def. 3. | 


Examples of ſimple Equations reſolved 7 theſe 


rules, 


L 


If zu + 5=x+9 
R. 1. 2x=4 


R. 2. x= 4 =2 
2 
I. 
If 5x —E+ 12 = 8 


| R. 1. 5 — Et 4288 


| 3 
R. 3. 30x — 15* — 8x = 84 
Or Tx = 84 
R. 2. * » x=*=12 
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8 E cn r. Ci Holen of Quefions * 
| nw Equations. 


From the reſolution of equatiood we 1 
tain the reſolution of a variety of uſeful 
problems, both in pure mathematics and 
phyſics, and alſo in the practical arts found- 
ed upon theſe ſciences, In this place, we 
conſider the application of it to thoſe que- 
ſtions where the quantities are expreſſed by 
numbers, and their magnitude alone is to 
be conſidered. 

When an equation, containing only one 
unknown quantity, is deduced from the 
queſtion by the following rules, it is ſome- 
times called a final Equation, If it be 
ſimple, it may be reſolved by the preceed- 
ing rules, but if it be of a ſuperior order, 
it muſt be reſolved by the rules afterwards 
to be explained. The examples in this 
chapter are ſo contrived, that the ſinal e- 
quation may be imple. | 

The rules given in this ſection, for the 
ſolution of queſtions, though they contain 

a 


6 

a reference to ſimple equations only, are 

to be conlidered as general, and as appli- 

cable to queſtions which produce equations 
of any order, 
GENERAL RULE. 

The unknown quantities in the queſtion pro- 
poſed muſt be expreſſed by letters, and the 
relations of the known and unknown 
quantities contained m it, or the conditions 
of it, as they are called, muſt be expreſſed 
by equations. Theſe equations being re- 
folved by the rules of this ſcience, will 
give the anſwer of the queſtion. 

For example, if the queſtion is concer- 
ning two numbers, they may be called x 
and y, and the conditions from which they 
are to be inveſtigated, muſt be expreſſible 
by equations. 
bh bu it 9 required, _ 

the tum or two numbers 

ſought be 60, that condi- f ein 

tion is expreſſed thus 

If their difference muſt be 24, 
then | x 7224 

If their product is 1640, then * 1640 

If their quotient muſt be 6, ey 
then yo? 


If their ratio is as 3 to 2, then 
X:7::3: 2, and therefore 


48 


Theſe are ſome of the relations, which 
are moſt eaſily expreſſed: Many others 
occur, which are leis obvious; but as they 
cannot be deſcribed in particular rules, the 
algebraical expreſſion of them is beſt ex- 
plained by examples, aud mult be acquired 
by experience. | 

A diſtin conception of the nature of the 
queſtion, and of the relations of the ſeveral 
quantities to which it refers, will generally 
lead to the proper method of ſtating it, 
which in effect may be conſidered only as 
a tranſlation from common language, into 
that of Algebra. | 


Caſe I, When there is only one unknown 
quantity to be found. 


Rule. An equation involving the unknown 
guantity muſt be deduced from the queſtion 
(by the general rule). This equation being 
reſolved by the rules of the laſt ſection, 
will give the anſwer, 

It is obvious, that, when there is only 
one unknown quantity, there muſt be only 
one independent equation contained in the 

queſtion ; 
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queſtion ; for any other would be unneceſ- 


ſary, and might be 1 to the 
former. 


EXAMPLE L 


To find a number, to which if there be add- 
ed, a half, a third part, and a fourth part 
of el, the ſum will be 50. 


Let it be 2: then half of it is 2, a third of it 
= &c. 


Therefore, 2+: +5+7=50 
24z+122+8z+62z=1200 


5OZ =1200 
=24s 
If the operation be more complicated, it 
may be uſeful to regiſter the ſeveral ſteps of 
it, as in the following 


EXAMPLE II. 


A trader allows too 1. per annum for the 
expences of his family, and augments year- 
ly that part of his flock which it not /o 
expended, by a third of it; at the end of 
three years, his original flock was dou- 


bled : What had he at fir? 


Let 


Lethis firſt ſtock be 
Of which he 
ſpends the firſt 
year 100 J. and 
there remains 
'This remainder 
is increaſed by a 
third of irlell 
The ſecond year 
he ſpends 100 l. 
& there remains 


remainder 

one third of it 
The thirdyearhe 
ſpends 1001. and 
there remains 
He increaſes it 
by one third 
But at the end 
of the third year 
his ſtock is dou- 
bled ; 2 


| 


4 


; 
; 
He increales = | 
5 
| 
; 
= 


Wa 


— 


cc 


—100. 42—400 


83833 
e 


2. — 700 422 — 700 16 2—2800 
3 9 1 
402 — 2800 _ 100 a 2608 — 37003 - -; 


I 9 


162 — 3709 + 16z — 3700 _ 64z — 14860 
9 27 27 


642 — 14800 2 
27 


042 — 14800 = 54z 


1c}10Z=14800 
11 22 


1.480 


Therefore his ſtock was 1480 J. which be- 
ing tried, anſwers the conditions of the 


queſtion. 


Caſe I. When "RN are two unknown 


quantities, 


Rule. Iwo independent equations involving 
the two unknown quantities, muſt be deri- 
ved from the quęſtion. A value of one 


of 
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of the unknown quantities muſt be derived 
from each of the equations: and theſe two 
values being put equal to each other, a 
new equation will ariſe, involving only 
one unknown quantity, and may therefore - 
be reſolved by the preceding rule. 


Two equations mufi be deduced from 
the queſtion ; for, from one including two 
unknown quantities, it is plain, a known 
value of either of them cannot be obtained ; 
more than two equations would be unneceſ- 
fary, and if any third condition were af- 
ſumed at pleaſure, moſt probably it would 
be inconſiſtent with the other two, and a 


queſtion containing three ſuch conditions 
would be abſurd. 


[t is to be obſerved, however, that the two 
conditions, and hence the two equations ex- 
preſſing them, muſt be independent, that is, 
the one muſt not be deducible from the 
other by any algebraical reaſoning ; for, 
otherwiſe, there would in effect be only one 
equation, under two different forms, from 
which no ſolution can be derived. 

E X= 


E X 
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AMPLE III. 


Tuo perſons, A und By were talking of their 


ages ; ſays 


A to B, Seven years 920 [ 


Was juſt three times as old as you e, 
and ſeven years hence I ſhall be juſt tawice 


as old as you will be: 
preſent ages. 


Let the ages of 
A and B be re- 
ſpectively 

Seven years 
they were 

Seven years hence 
they will be 

Tuhereforebygeſt. 


1. and 2. 


; 


ago 


alſo by Queſt. 


and 3. 

By 4. & tranſp. 

By 5. & tranſp. 

By 6. and 7. 
Tranſp. & 8- 


| 


demand their 


P 


x 
| 


— 


and y 


x—7 and y—7 \ 


Mw 


x + 7 and y + 7 
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4A —7=3Xy—7=35—2 
gx TN 7 251714 
69 = 35 — 14 

| — 2y +7 


2 21 


By 9 & 6. or 7. 


E 


9 — 14 27177 
9 


lox= 49 


The ages of A and B then are 49 and 21, 
which anſwer the conditions. 


The operation might have been a little 


ſhortened, by 
and thus 14= 


ſubtracting the 4th from 5th, 
—y + 35; and hence y=21, 


therefore (by 6th) x= (3 14) = 49. 


E X- 


ou) 
EXAMPLE IV, 
A gentleman diſtributing money among ſome 
poor people, found he wanted 10 s.- to be 
able to give 5 5. to each; therefore he 


gives each 4 5s. only, and finds he has 5 5. 
left. —T'o find the number of /hillings and 
poor people. 


If any queſtion ſuch as this, in which 
there are two quantities ſought, can be re- 
ſolved by means of one letter, the ſolution 
is in general more ſimple than when two 
are employed, There muſt be, however, 
two independent conditions, one of which 
is uſed in the notation of one of the yn- 
known quantities, and the other gives an 


equation. 


Let the number of poor be {[1;z 

The number of ſhillings will be 2 — 10 

The number of ſhillings is alſo 3j4z + 5 

By 2. and 3. 42 — 10=4z +5. 
Tranſp. eiz=1I6. 


The number of poor therefore is 1 5, and 
the number of ſhillings is (4z+5=) 65, 
which anſwer the conditions. 


ES AMET AS; VF. 


A courier ſets out from a certain place, and 


travels at the rate of 7 miles in 5 hours ; 
and 
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and 8 hours after, another ſets out from 
the /ame place, and travels the ſame road, 
at the rate of 5 miles in 3 hours: I de- 
mand how long and how far the firſt 
muft travel, before he is qvertaken by the 
ſecond ? 


Let the number of hours? , 
which the firſt travelled be ; © 
Then the ſecond travelled © 20 — 8 
The firſt travelled ſeven 7 
miles in 5 hours, and 3 (5:7::y:)= miles 
, ee in y hours 5 
n like manner the ſ-cond 12 1 
travelled in y—8 — 1 385 3 miſe 


But they both travelled the | 
ſame number of miles; & 5 — 40 _. 7y 
therefore by 3. and 4. EI © 
Mult, 6{25y — 200 = 21 
Tranſp. 5 * ay = 2 — 
Divid, 4 = 50 


The firſt then travelled 50 hours, 115 ſe- 
cond (- 8 .) 42 hours. 


o. 
Caſe III. When there are three or more 
R unknown quantities, 

Rule. When there are three unknown quan- 
titres, there muſt be three independent e- 
quations ariſing from the queſtion ; and 
from each of theſe a value of one of the 
unknown quantities muſt be obtained. By 


comparing 


The miles travelled by each(7= 


( 65 ) 


© romparing theſe three values, two equa= 
tions will ariſe, involving only two un- 
known quantities, which may therefore be 


reſolved by the rule for caſe 2. 


In like manner way the rule be extended 
to ſuch queſtions as contain four or more 
unknown quantities; and hence it may 
be inferred, That, when juſt as many inde= 
pendent equations may be derived from a que= 
ſtion, as there are unknown quantities in it, 
theſe quantities may be found by the ręſolu- 
tion of equations. | 


EXAMPLE VI. 


To find three numbers, ſo that the firſt, with 
half the other two, the ſecond with one 
third of the other two, and the third 
with one fourth of the other 0 may 

each be equal to 34 
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Let the numbers be x, y, 2, and the equations are 


From the 1, 


From the 2d, 
From the 3d, 


From 4th and 5th 


7th reduced 


5 = 6, and reduced 
| 


8 and 9 


10th reduced | 


By 8 and 5 


I x +LEZ=34 


4842 
F 3 


z + =. 


— 68 —y—z 


40.2 


X = 102 — Jy — 2 
X = 136 —4z—y 


© wy 


104 2k 


— 1 


8 170 2272 — 22 
12 172 = 442 or 2 = 26 
131 Sz and x 10 


E X- 


E X 


( 67) 
AMPLE- VII. 


To find a number conſiſting of three places, 
whoſe digits are in arithmetical propor- 
tion; if this number be divided by the ſum 
of its digits, the quotient will be 48 and 


if from the 
digits will 


Let the 3 digits be 
= the number 


If * digits be 
inverted, it is 

The digits are 
in ar. prop. 
therefore 

By queſtion 


By queſtion 
From 6 and tranſ 
Divid. by 99 | 
From 4 
8andg 
Tranſp. 

Mult. 5. 
Tranſp. 

8 and 11 ſubſtit. 
for x and y 
Tranſ. 


Divid. 


5 


number be ſubtracted 198, the 
be inverted. 


II, y, 2 
100 x + 10y + Z 


31100z + ioy + x 
4'X + 2=2y 
5 100x + 10y +2 


2 2 48 
r 
0/100x+10y+2—198=100zH109+x 
799x'= 90 + 198 
8x 2 ＋ 2 


| 9x = = 259 — 3. 


1025 — 2 22 +2 

IIy=2zZ+1 

I 2100x + 10y +2 = 48x + 48y + 48z 
13 $2x = 385 + 472 


ial $22 A 104 388 + 38 + 472 

15 333 2 660 

22 2 

1 y=(z+1=)3 
x=(z+2=)4 


The as then is 432, which ſucceeds upon trial, 
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It ſometimes happens, that all the un- 
known quantities, when there are more 
than two, are not in all the equations ex- 
preſſing the conditions, and therefore the 
preceding rule cannot be literally follow- 
ed. The folution, however, will be obtain- 
ed by ſuch ſubſtitutions as are uſed in Ex. 
7. and 9. or by ſimilar operations, which 
need not be particularly deſcribed. 


Corollary to the preceding rules. 


It appears that, in every queſtion, there 
muſt be as many independent equations as 
unknown quantities; if there are not, then 
the queſtion is called indeterminate, be- 
cauſe it may admit of an infinite number 
of anſwers; ſince the equations wanting 
may be aſſumed at pleaſure. There may 
be other circumſtances, however, to limit 
the anſwers to one, or a preciſe number, 
and which, at the ſame time, cannot be di- 
realy expreſſed by equations. Such are 
theſe ; that the numbers muſt be integers, 
ſquares, cubes, and many others. The ſo- 
lution of ſuch problems, which are alſo 


called 
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called Diop hantine, ſhall be conſidered af- 
terwards. 


Sc HOL IU . 


On many occaſions, by particular contri- 
vances, the operations by the preceding 
rules may be much abridged. This, how- 
ever, muſt be left to the ſkill and practice 
of the learner. A few examples are the 
following. . 

1. It is often eaſy to employ fewer let- 
ters than there are unknown quantities, by 
expreſſing ſome of them from a ſimple re- 
Jation to others contained in the conditions 
of the queſtion. Thus, the ſolution be- 
comes more eaſy and elegant. (See Ex. 4. 
5.) 

2. Sometimes it is convenient to expreſs 
by letters, not the unknown quantities 
themſelves, but ſome other quantities con- 
nected with them, as their ſum, difference, 
&c. from which they may be eaſily deri- 
ved. (See Ex. 1. of chap. 5.) | 

3. In the operation alſo, circumſtances 
will ſuggeſt a more eaſy road than that 

pointed 


1 


pointed out by the general rules. Two of 
the original equations may be added toge- 
ther, or may be ſubtracted; ſometimes they 
muſt be previouſly multiplied by ſome 
quantity, to render ſuch addition or ſubtrac- 
tion effectual, in exterminating one of the 
unknown quantities, or otherwiſe promo- 
ting the ſolution. Subſtitutions may be 
made of the values of quantities, in place 
of quantities themſelves, and various other 
ſuch contrivances may be uſed, which will 
render the ſolution much leſs complicated. 


(See Ex. 3. 7. and 9.) 


CHAP. 
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CHAP. III. 
„ 4 i r 


General Solution Problems. 


N the ſolutions of the queſtions in the 
preceding part, the given quantities 
(being numbers) diſappear in the laſt con- 
cluſion, ſo that no general rules for like 
caſes can be deduced from them. But if 
letters are uſed to denote the known quan- 
tities, as well as the unknown, a general 
ſolution may be obtained, becauſe, during 
the whole courſe of the operation, they re- 
tain their original form. Hence alſo the 
connection of the quantities will appear in 
ſuch a manner as to diſcover the neceſſary 
limitations of the data, when there are any, 
which is eſſential to the perfect ſolution of 
| a 


_ 
— 


e 
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a problem. From this method, too, it is 
eaſy to derive a ſynthetical demonſtration 


of the ſolution. | 

When letters, or any other ſuch ſymbols, 
are employed to expreſs all the quantities, 
the algebra is ſometimes called ſpecious or 


literal. 
CT EAMZPLE YL 


To find two numbers, of which the ſum 
and difference are given. 


Let r be the given ſum, and d the given difference. 
Alſo, let x and y be the two numbers ſought. 


Thus, let the given ſum be 100, and the difference 24. 


Then =( 4 ) 62andy U 2 * =*. 


86 8 


Ia the ſame manner may the canon be 
applied to any other values of 7 and d. By 


reverſing the ſteps in the operation, it is eaſy 


to ſhew, that if x Teand b the 


ſum of x and 7 muſt be 5, and their diffe- 
rence d. 


E XAMPLE IX. 

If A and B together can perform a piece of 
work in the time a, A and C together in 
the time b, and B and C together in the 
time c, in what time will each of them 
perform it alone? 

Let 4 perform the work in the time 
x, B in y, and C in 2; then as the work is 
the ſame in all cales, it may be repreſented 
by unity. 


(| 


By the queſtion 


Mult. 5th bye 
** 
Mult. 8th by 
4 4 70 
a 
Mult. vth 8 1 
Add toth, rith, 12th 


From 13th ſubt. twice 
10th 


From 1 3th ſubt. twice 


be 


Ho 2 14/ ſ iin a tay 
| Surfer If >| 
W243 148 = 1 2 in a days 
Ai | 
(343: b:) Eee A in h days 
21226521— = — 1 
4. 31:20 2 ns 4 days 
4% 1 = 2 Ihe de 
c 12 
( eg =] cc in e days 
| 8 and ay + ax = xy 
3105+ ad br 4b: = 
nt 
g—+=>=randert+o = 57 
10 425 = 
* J 
1 , abc __ 
15 Wy = ac 
abc abc. 
— + —=ab 
N Fi be 25 
* e tee 
| 4 2abc 
12 We 


I th 2abc_ h ab — & 2abc 
From 13th ſubt. Wer 2 / . 1 
12th 2abc _ _ *aebc 

e W bebac—ab 


Example in numbers. 


b=g days, and c=10 ; 


=17 23 =23- 
, and as 


Let a=8 days, 


then x=1 44 
49 


It appears like» 


(50 


likewiſe that a, b, e, muſt be ſuch, that the 
product of any two of them muſt be leſs 
than the ſum of theſe two multiplied by the 
thind. This is neceſſary to give poſitive 
values of x, y, and 2, which alone can take 
place in this queſtion, Beſides, if &, , and 
2 be aſſumed as any known numbers what- 
ever, and if values of a, 6, and c be dedu- 
ced from ſteps 7th, 8th, and gth, of the pre- 
ceding operation, it will appear, that a, b, 
and c will have the property requited ir in 
me limitation here mentioned. 

If a, b, and c were ſuch, that any of the 
quantities, x, y or 2, became equal to o, it 
implies, that one of the agents did nothing 
in the work. If the values of any of theſe 
quantities be negative, the only ſuppoſition 
which could give them any meaning, would 
be, that ſome of the agents, inſtead of pro- 
moting the work, either obſtructed it, or 
undid it to a certain extent. 


X. 
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EXAMPLE X. 


h queſtion 5th, bet the firſt courier travel 
p miles in q hours; the ſecond r miles in 


s hours; let the interval between their 
ſetting out be a. gt 


1 


Then by working was 'F 


- gra 


© gr —ps | 1 # 


If particular values be inſerted for theſe 
letters, a particular ſolution will be obtain- 
ed for that caſe. Let them denote the 
numbers in Example 5. 


Then x = gra X 5X x8_ es) e ** . 
gr I * 7 X 3 4 


Here it is obvious, that gr; muſt be 
greater than ps, elſe the problem is impoſ- 
ſible; for then the value of x would either 
be infinite or negative. This limitation 
appears alſo from the nature of the que- 
ſtion, as the ſecond courier muſt travel at a 
greater rate than the firſt, in order to over- 
take him. For the rate of the firſt courier 


18 


( 


is to the rate of the ſecond as : to — that ĩs, 
as ps to qr; and therefore gr muſt be great- 


er than ps. 0 
SC HO LIUM. 


Sometimes when there are many known 
quantities in a general ſolution, it may ſim- 
plify the operation, to expreſs certain com- 
binations of them by new letters, ſtill to be 
conſidered as known. 


CHAP. 
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N order to reſolve equations of the 
higher orders, it is neceſſary to premiſe 
the rules of IN VOL UT ION and E VOL U- 
T 10ON. 


LEMMA. 


The reciprocals of the powers of a quan- 
tity may be expreſſed by that quantity, 
with negative exponents of the ſame de- 
nomination. That is, the ſeries 4, ry 
> 15 * 5 &c. may be expreſſed by 
a', a', a=", a=", 4—, a=", &c. 


For 


1 
1 
. 
_ 
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o 
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For the rule for dividing the powers of 
the ſame root was to ſubtract the expo- 
nents; if then the index of the diviſor be 


| greater than that of the dividend, the index 


of the quotient muſt be negative. 


1 
Thus, a — . Alfo, £ . 


ee. And," i. * G on of 
a” 
others. 

Cor. 1. Hence any quantity which mul- 
tiplies either the numerator or denominator 
of a fraction, may be tranſpoſed. from the 
one to the other, by changing the fign of 
its index. 


—” rs Spar : 
This, = _— And 35 , &c« 


. 2. From dis r notation, it is erident 
that theſe negative powers, as they are cal- 
led, are multiplied by adding, and divided 


by ſubtracting their exponents, " + 
* « & . # - | I —— k $4 #4 | Thus, 
—_— 9... 3 8 1 FER TY 

* 88992 2 * . «4 e 4 4 7 1 
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'2 }, . "F..> PE £8 1 £ 
Thus, a— XK a—=*=a—5; 


I. Of Iwolution. 


To find any power of any quantity. is the 
buſineſs of involution. 


Caſe I. When the quantity is ſimple. 


Rule. Multiply the exponents of the letters 
by the index of the power required, and 
raiſe the coefficient to the ſame power, 

Thus, the 2d power of a, is * 
The 3d power of za“, is 84*x3 σν a 
The 3d power of 3ab?, is 274K 27e 


For the multiplication would be perform- 
ed by the continued addition of the expo- 
nents; and this multiplication of them is 

| equivalent. The ſame rule holds alſo when 
the ſigns of the exponents are negative. 


K-40 
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Rule for the Signs. 


1f the fign of the given quantity as +, all 
its powers muſt be poſitive. If the fign is 
—, then all its powers whoſe exponents 
are even numbers, are poſitive ; and all its 
powers whoſe exponents are odd numbers, 
are negative. 
This is obvious from the rule for the fiens 


in multiplication, 
The laſt part of it implies the moſt ex- 


tenſive ule of the ſigns + and —, by ſup- 
poling that a negative quantity may exiſt 
by itſelf, 


Caſg II. When the quantity Is compound, 


— — 
" — 2 8 — 

— — . 4 4% *a — * 
_ — 


n= em _ x b 


— — 


A woe EEE > 


rr 


Rule. The powers muſt be found by a con- 
tinual multiplication of it by ſelf. 


Thus, the ſquare of xt is found by mul- 
tiplying it into itſelf, The product is x* 
+ ax + = The cube of x+= is got by 

multiplying 
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multiplying the ſquare ae found by the 
root, &c. 


Fractions are raiſed to any power, by rai- 
ſing both numerator and denominator to 
that power, as is evident from the rule for 
multiplying fractions, in chap. 1. p. 2. 
The involution of compound quantities 
is rendered much eaſier by the binomial 
theorem; for which, ſee chap. VI. 

Note. The ſquare of a binomial conſiſts 
of the ſquares of the two parts, and twice 
the product of the two parts. 


II. Of Evolution. 


Evolution is the reverſe of involution, 
and by it powers are reſolved into their 
roots. | 5 

Def. The root of any quantity is expreſſ- 
ed by placing before it / (called a radi- 
cal ſign) with a ſmall figure above it, deno- 
ting the denomination of that root, 


Thus, 


* "WF 
* a * Sug 


4 
4 
8 
28 
; 


4 


—— 


S m - 
> * 
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Thus, the ſquare root of a, is ee Va a 


The cube root of bc, is VF 75 
The 4th root of a bx „is = 
The mth root of c. dx, is YA 


pr eb U d e 


1. The root of any pofutrve power may be ei- 
ther poſe tive or negative, F it is denomi- 
nated by an even number ; if the root 10 
denominated by an odd number, it 1s pgſi- 
tive only. 

2. If the power 1s negative, the root alſo is 

negative, when it 15 denominated by an 
odd number. | 
3. 1f the power is negative, and the deno- 

" mination of the root even, then no root can 
be all. ined, 


This rule is eaſily deduced from that 
given in involution, and ſuppoſes the ſame 
extenſive uſe of the figns + and —. If it 

is applied to abſtract quantities in which a 
contrariety cannot be ſuppoſed, any root of 

a poſitive quantity muſt be politive only, 

and 


EF 1) 


and any root of a negative quantity, like it- 
ſelf, is unintelligible. 

In the laſt caſe, though no root can be 
aſſigned, yet ſometimes it is convenient to 
ſet the radical ſign before the negative 
quantity, and then it is called an zmpoſſub, ble 


or imaginary root. 


The root of a poſitive power, denomina- 
ted by an even number, has often the ſign 
= before it, denoting that it may have ei- 
ther + or —. | 

The radical ſign may be employed to ex- 
preſs any root of any quantity whatever; 
but ſometimes the root may be accurately 
found by the following rules, and when it 
cannot, it may often be more conyeniently 
expreſſed by the methods now to be ex- 
plained, r abi 18 


Caſe I. When the quantity is ſimple. 


Rule. Divide the exponents of the letters by 
be index of the root required, and prefix 
the root of the numeral coefficient. 


1, The exponents of the letters may be 
multiples of the index of the root, and the 
root of the coefficient may be extracted. 


Thus, 
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Thus, the ſquare root of a*=a* = . 
aja =3a"= 3a* | 
a a ab. 


2. The exponents of the letters may not 
be multiples of the index of the root, and 
then they become fractions; and when the 
root ot the coefficient cannot be extracted, 
it may allo be expreſſed by a fractional ex- 
ponent, its original index being underſtood 
to be 1. 


Thus, Ja =44*b 
ax Sa K „H x ax. 


As evolution is the reverſe of involution, 


the reaſon. of the rule is evident. 7 
The root of any fraction is found by ex- 


tracting that root out of both numerator 
and denominator. 


Caſe IT. When the quantity is compound. 


1. To extract the ſquare root. 


RULE, 
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RULE. 
1. The given quantity is to be ranged ac- 


cording to the powers of the letters, as in 
diviſion. | 


Thus, in the example a*+24ab+#?, the 
quantities are ranged in this manner. 

2. The ſquare root is to be extracted out of 
the firſt term (by preceding rules), which 
gives the firft part of the root fought. 
Subtract its ſquare from the given quan- 
tity, and divide the firſt term - of the re- 
mainder by double the part already found, 
and the quotient is the ſecond term of the 
root, 


Thus, in this example, the remainder 1s 
zab r; and 2ab being divided by 2a, the 
double of the part found, gives ＋ for the 

ſecond part of the root. 


3. Add this ſecond part to double of the firſt, 
and multiply their ſum by the ſecond parte 
Subtract the product from the laſt remain- 

| der, 
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der, and if nothing remain, the ſquare root 
it obtained. But, if there is a remainder; 
it muſt be divided by the double of the 
parts already found, and the quotient 
h would give the third * of the root; 
and /o on. 


In the laſt example, it is obvious, that 
a+b is the ſquare root ſought. 


The entire operation 18 as follows; 


TO 


e 
X 2ab+6* 
* 


2 4 
4 2 
& * | 


—AxX* + — 
4 
1 
— ax + — 
4 


— 


BY 
The 


" ad 
" * ® 
© wt % 9 2 

* * 


| The reaſon of this rule appears froth the 
compoſition of 4 ſquare. asu er 2 


| 2. To extract any other root. 
aH: ea2qakn” Holt zi non 5 0 


Rule. Nange the 3 ii to the 
dimenſcens:of its letters, and extract the 
Jaid root out of the fir ft term, and that 
ſhall be the fit meiber of the root requi- 
red. Then raiſe this root to. a dimeuſi on 
lower by unit, than the number that de- 
nominates the root required, and multiply 
the power that ariſes, by that number it- 
elf: divide the ſecond term of the given 

quantity by the product, and and the quotient 
ſhall give the ſecond member of the root 
required. In like manner are the other 
parts to be found, - by confidering thoſe 
already got as making one term. 


Thus, the fifth root r 
7 + a l + 1046? +a (a 


a ns gy oa 


— — — 


750% 


3 And 


6 


And 4-þ4. raiſed to the 5th power is the 
given quantity, and, dee i ix hero 
ſought. 


2 


In 0 it F will often ; MS that 
the operation. will not terminate, and the 
root will be WS by a ſeries. 


1 the quay root of a r becomes a 


eber 20 2 55 e 
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The extraction of roots by ſeries is much 
Facilitated: by the binomial theorem (Chap. 
VI. Sect. 3.). By ſimilar rules, founded on 


the ſame principles, are the root of num 
bers to be neee, 


IN. 15 27 Surds. 


Def. Quantities with fractional expo- 
nents are called Surds of Imperfect Powers. 


Sach quacitities as alſo called irrarionai, 
in oppoſition to others with ones. oh expo- 
nents, which are called 4. 


Surds may be expreſſed ** * by the 
fractional exponents; or by the radical ſign, 
the-denominator of the fraction being its 
index; and hence the orders of ſurds are 
denominated from this index. 

In the following operations, however, it 
is generally bonvenient to uſe the notation 
by the fractional ponente. 


ar . 2 — 2baz, 4 7455 — a3 2 
il The 


622) 


The operations concerning ſurds depend 
on the following principle. / the numera- 
tor and denominator of. a. fractional expoiient 
be both multzphed or both divided: by the 

ſame quantity, the wn of the er: is the 


ſame, Thus a 8 for let a = ad then 
an S, and a h, and extracting the root 


me nc | DW", . 


| ne, ac Seb? 


[3 ali 
. Lem. A rational quantity may be put in- 
to the form of a ſurd, by reducing its index 


to the form of a fraction of the ſame value. 


Thus ag =,/##.. 
ab ail = r 


Prob- 5 To Fi RG Gordy. of, — 
ae ee to others of the ſame value, 
and of — 


HU 


Rule. Reduce the fraftional exponents to 


others of the ſame. value and . the 
fame common denaminator. 


-- 


7 
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Ex. J, *\/F or a*, * 7 
but d =&* and bbb. 


therefore a, and 3 * are e reſpeciv ey 
equal to andi. 


Prob. II. To multiply and divide ſurds. 


LO When they are furs of the ſame rational 
e add and fubtraft their exponents. 


. = 7 5 Ip 
. 4 b r 7D Ty e 


07"? dey are furs * Apis rationad 

' "i let them be brought to others 
"" the ſame denomination, f already they 
are not, by prob. 1. Then, by multiplying 
aor dividing theſe rational quantities, their 
product or quotient may be ſet under 44 | 
common radical 4 n. 


Fr "En I” 46. 


If the furds have any rational  coeffici- 
ents, their product or quotient muſt be pre- 
Bxed. . Thus, 4% — x b\/n b ne, It is 
often convenient, in the operations of this 
problem, not to bring the ſurds of ſimple 
quantities to the ſame dendmination, but to 


expreis their product or quotient without 


the radical ſign, in the ſame manner as if 
they were rational quantities. Thus, the 
prodect in Ex. 1. may er e e * 
quotient in Fr. 3: e n 

toe, IF u rational Gente be OY 
ed to a radical ſign, it may be reduckd to 
the form of a ſurd by the lemma, and mul- 
tiplied by this problem; and converſely, if 
the quantity undet the radical ſigu be di- 
vilible by 4 2 youre of. the lame de- 


\ 
Q A 4 nomi- 
4 8 
1 * 


7:4 


r 
nomination, it may be taken out, and its 
root prefixed as a coefficient. 4 
e, x a="/ta. © 
an * 42? PP =aba/.;, Ne 4 SLA jo 25. 


Even when the quantity under ; the radi- 


cal go i is not diviſible by a perfect power, 
it may be uſeful ſometimes to divide furds 


into their component factors, by 1 
the operation of this problem. N 


Thus 5 A cee 
xX Hefen Het, 


PROB. ut, To involve or evolve Grd. 


This is ebemedby the Sica Rong * 
in other quantities, by multiplying er di- 
ding their exponents by the W the 
power or root required. 

The notation hy negative 8 
mentioned in the lemma at the beginning vf 
this chapter, is applicable to fractional ex- 
ponents, in the _ manner ae danger 


bk 


k : #4 & + 
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SCHOLIUM 


The application of che rules of this a 
ter to the reſolving « of equations, ſhall be 
explained in the ſucceeding chapters, 
which treat of the ſolution of the different 
claſſes of them ; but ſome examples of their 
uſe in preparing equations for a ſolution, 


are the following. | 
If a member of an equation be a ſurd 
root, then the equation may be freed from 
any ſurd, by bringing that member firſt to 
ſtand alone upon one fide of the equation, 
and then taking away the radical ſign from 
it, and raiſing the other ſide to the power 
denominated by the index of that ſurd. 
This operation becomes a neceſſary ſtep 
towards the ſolution of an equation, when 
any of the unknown quantities are under 
has pA _ * 


N If 39 — X* — as « +29=0+y 
* Then Wi =(——y 
and q Xxx 4 Sa han Afb 


. 


99) 


If the unknown, quantity be found only 
under the radical fign, and only of the Hirſt 
dimenſion, the equation will become ſim- 


ple, and may be reſolved by the preceeding 
rules. 


Thus, if Harri +5=9 1 | 
Then f 164 
And 4x +16=64 
And, x 2 12 


If 1 a 3 — 
Then, a*x—b'x= a” 
a” 


X— 
42 — b* 


If the unknown quantity in a final equa- 
tion has fractional exponents, by means of 
the preceding rules a new equation may 
be ſubſtituted, in which the exponents of 
the unknown quantity are integers. 


Thus, if x* + 3 10, by reducing 
the ſurds to the ſame denomination, it 


becomes x* + 3 = 10; and if z=x*then 
234+ 32*=10, and if this equation be reſol- 
N ved 


(98) 
ved from a value of z a value of x may be 
got by the _ of _e next chapter. Thus 


alſo, if * 42x" 3x" = 100, If x*= 2, this 
equation becomes 2*+ 22.— 32*—100, 


In general, if 2 Da · by reducing 


the ſurds to * fame denomination x {=> x7 


=a, and if K — — then the equation is 21 


+2” g in which the exponents of 2 are 
integers; and 2 being found, x is to be found 


a; l 
from the equation & 5 


—— ve 
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C H A P. 4 V. 


Quations were divided into orders ac- 
cording to the higheſt index of the 


unknown nn in any term. (Chap. 
III.) 


Equations are either pure or adſected. 


Def. 1. A pure equation is that in which 
only one power of the unknown quan- 
tity is found. . 
2. An adfected equation, is that in which 

different powers of the unknown quantity 

are found in the ſeveral terms, 


Thus, a hox=b, ax* -= + are pure 
equations. 
And x - ax, wx? =I7, are e adfected. 


( 160 ) 


I. Solution of pure Equations. 


Rule. Make the power of the unknown 
quantity to fland alone by the rules for- 
merly given, and then extract the root of 
the ſame denomination out of both fades, 
which will give the value 77 * un- 


3t yp * 


EXAMPLE 8. 


If * Tf, axð -- bee 
ay = 3 OX mn — 
d ©. Ane 1 — e 
* W ; 3 —— 
n. 
. 


The index of the power may alſo be 
fractional; as in the laſt example m may be 
any number whatever. Let m =x, then as 


„ 


before, 
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be 


K M — 
a—1 


And — b—ch alete. 


a1 4 — 24 + 1 


Sometimes different powers of the un- 
known quantity are found in the equation, 


yet the ſeveral terms may form on one ſide 


a perfect power, of which the root being 

extracted, the equation will become ſimple. 
Thus, if x* — 12x*+48x = 98. It is eaſy 

to obſerve that x - 12x*+48x—64=34 ; 

forming a complete cube, of which the root 

being extracted, x—4=4\/34. And x=4 
＋ H 


EXAMPLE I 


To find four continued proportionals, of 
ewhich the ſum of the extremes is 56, and 
the ſum of the means 24. 

To reſolve the queſtion in general terms, 
let the ſum of the extremes be a, the ſum 
of the means b, and let the difference of the 
extremes be called z, and the difference of 


the means y, Then by Ex. 8, Chap. 3. 
'The 


* 


' 
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F od 


The proporti-| 124. 2 .b+y * — 
onals are 2 2 1 
_y 2 and 2a+z: bhy : b—y : a—z 
| _— the three SEL abate 
_ the three a þay—bz—zy=b*—2by+y* 
added to ath| 5 2ab—22y=26%* 4+29* 
200 ſubt. 2 * 
3d 
ſubſt. for 
* in 5th S 255 
Tranſp. and di- 
= 2 | 
vide 8th by 7 i 55 7 
426 —63 0 
In numbers II * JAT e 12 
2 
| 2 = 5 X52 


Hence the four proportionals are 54, 18, 
6, 2; and it appears that ö muſt not be 
greater than a, otherwiſe the root becomes 
impoſſible, and the problem would alſo be 


impoſſible ; which limitation might be de- 


duced alſo from prop. 25. V. of Euclid. 


II. 
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IT. Solution of adfected AY W 
4 ions. 


Adfected equations of different anders 
are reſolved by different rules, ſucceſſively 
to be explained. _ | 5 

An adfected quadratic equation, (common- 
ly called a quadratic) involves the unknown 
quantity itſelf, and alſo its ſquare : It may 
be reſolved by the . 


RULE 


x. | Tranſpoſe all the terms 3 the un- 

known quantity, to one fide, and the known 

_ terms to the other ; and ſo that the term 
containing the . ſquare of the unknown 

quantity may be poſitive. 

2, If the ſquare of the unknown e 
multiplied by any coefficient, all the terms 
of the equation are to be divided by it, 

Jo that the coefficient of the ſquare of the 

unknown quantity may be 1, 

3. Add to both fides the ſquare of ha 10 the 

coefficient of the unknown quantity it/clf, 

"+ and 
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and the fide of the equation involving the 
unknown quantity will be a complete 
fquare. 

4 Extract the ſquare root from both det 
" of the equation, by - whith it becomes 
fimple, and by tranſpoſung the above men- 

tioned half coefficient, a value of the un- 
uo ten quantity is obtained in | known 
termt, and * oo er it re- 
fobved. ws | BY 
The reaſon of this rule is manifeſt "EA 
the compoſition of the ſquare of a binomi- 
al, for it conſiſts of the ſquares of the two 
parts, and twice the product of the two 

parts. (Note, at the end of Chap. IV.) 
The different forms of quadratic equa- 

tions, expreſſed in general terms, being re- 

duced by the firſt and ſecond TR or, the 


rule, are theſe ; 3 


* 
+ 
N 
L 
DT 


Caſe 1. & a 


Caſe 2. x*—ax = 


Caſe 3. x*—ax=—b* 


- a? 


Of theſe caſes it may be obſerved, 
1. That if it be ſuppoſed, that the ſquare 
root of a poſitive quantity may be either 
poſitive or negative, according to the moſt 


extenſive uſe of the ſigns, every quadratic | 
WY equation 
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equation will have two roots, except ſuch 
of the third form, whoſe roots become im- 
. 

It is obvious, that, in | the two firſt 
33 one of the roots muſt be poſitive, 
and the other negative. 


3. In the third form, if — or the ſquare 


of half the coefficient of the unknown 
quantity be greater than 6“, the known 
quantity, the two roots will be poſitive, 


If 5 be equal to &, che two roots then be- 
come equal. 
But if in this third caſe < = - is leſs than b, 


the quantity under the radical ſign becomes 
negative, and the two roots are therefore 
impoſſible. This may be eaſily ſhewn to 


arile from an impoſſible ſuppoſition in the 
original equation, 


4. If the equation, however, expreſs the 
relation of magnitudes abſtractly conſider. 
ed, where a contrariety cannot be ſuppoſed 
to take place ; the negative roots cannot be 
of uſe, or rather there are no ſuch roots ; 
for then a negative quantity by itſelf is un- 
intelligible, 
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intelligible; and therefore the ſquare root of 
a ' poſitive quantity muſt be poſitive only. 
Hence, in the two firſt caſes, there will be 
only one root; but in the third, there 
will be two. For in this third caſe, 
x*==aX=—b*, or, ax & =, it is obvious, 
that x may be either greater or leſs than za, 
and nd yet 4—x may be poſitive; and hence 
O——x XX x=0x—x* may alſo be poſitive, and 
may be equal to a given poſitive quantity 
b: therefore the ſquare root of x*—ax +34* 


may be either x—3a or +x4a—x, and both 
theſe 1 alſo poſitive. 


Let then PR” . — and = *+ 
* — Allo let= —-x= LES — and hence 


og 
& * 92 — 2. and theſe are the ſame 


two poſitive roots as were obtained by the 
general rule. 

The general mile is uſually employed, 
even in queſtions here negative numbers 
cannot take place, and then the negative 


roots of the two firſt forms are neglected. 
c Sometimes 
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Sometimes even only one of the poſitive 
roots of the third caſe can be uſed, and the 
other may be excluded by a particular con- 
dition in the queſtion. When an impoſſi- 
ble root ariſes in the ſolution of a queſtion, 
and if it be reſolved in general terms, the 
neceſſary limitation of the data will be diſ- 
covered. 

When a queſtion can be fo ſtated, as to 
produce a pure equation, it is generally to 
be preferred to an adfected. Thus the 
queſtion in the preceding ſection, by the 
moſt obvious notation, would produce an 
adfected * 


II. Solution of Oueſtions producing Duadras 


tic Equations. 


The expreſſion of the a ads of the 
queſtion by equations, or the ſtating of it, 
and the reduction likewiſe of theſe equa- 
tions, till we arrive at a quadratic equation, 
involving only one unknown quantity and 
its ſquare, are effected by the ſame rules 
which were given for the ſolution of ſimple 
equations, in Chap. III. 


E X- 


n X A MT L 0 


One lays out a certain fam of money in goods, 
which he fold again for L. 24, and gain- 
ed as much per cent. as the goods coft him 


I demand what they coſ him. 
If the money laid out bel iſy 
The gain will be 224— | 
But this gain is n 
(y:24—9: :100: ) : 3 a per cent. 
Thereſore by queſtion a GT 
And by mult, and tr. | $519* + 1 009=2400 | | 
Completing the ſquare 64 1005 +50] =2400+ 2500 490 
Extr. the root 70 + 50= 24/4900 =70 
Tranſop. {8y=Z70—50=20 or —120. 


The anſwer is 20 l. which {ucceeds. The 
other root,—120, has no place in this ex- 
ample, a negative number being here un- 


intelligible. 


Any quadratic equation may be reſolved 
alſo by the general canons at the beginning 


of this ſection. 


That ariſing from this 


queſtion, (No. 5.) belongs to cafe I. and 
a=100, b*=2400; therefore, 


7 


no) 
N. ph +862 


= — 24020 or —120 as before. 


EX AMP L E I. 


What two numbers are thoſe, whoſe diffe- 
rence is 15, and half of whoſe product 1s 


equal to the cube of the leſſer ? 
Let the lefſer number be [ox 
The greater is 2]x+15 
By queſtion 2... 20 * 
| R 
Divide by x and mult. by 2. WW; 
4th prepared 5 
nn 
Complete ſquare 7 * 5 
1 I 
— — == 
Ext. /. | 7 6 
n 
tranſp. x= or - 


The numbers therefore are 3 and 18, 
which anſwer the conditions, This is an 
example of caſe 2d, and the negative root 
is neglected, | 

And 


1) 
A ſolution, indeed, may be repreſented 
by means of the negative root — =; for 


then the other number i(x+1 15 2 ——— : 
15=7. And;-XFX—>, is equal to the 


cube of — 2 Such a ſolution, though uſe- 


leſs, and even abſurd, it is plain muſt cor- 
reſpond to the conditions, if thoſe rules 
with regard to the ſigns be uſed in the ap- 
plication of it, by which it was itſelf dedu- 
ced. The ſame obſervation may be exten- 
ded even to impoſſible roots, which being 
aſſumed as the anſwer of a queſtion, muſt, 
by reverſing the ſteps of the inveſtigation, 
correſpond to the original equations, by 
which the conditions of that queſtion were 
expreſſed. 


EXAMPLE IV. 


To find two numbers whoſe fam i 35 100, and 
whoſe product is 2059. 


Let 


(na) 


Let the given ſum 100=9, the product 
2059=b, and let one of the numbers ſought 
be x, the other will be —. Their pro- 
duct is ax—x*. : 


Therefore by queſtion 
Complete the ſquare 


& 


Ext. © 


Tranſp. 


And the other number 


By inſerting numbers, x=71 or 29 
and a—x=29 or 71, fo that the two num- 


bers ſought are 71 and 29. 
Here it is to be obſerved, that b muſt not 


be greater han-, elſe the roots of the e- 


quation would be impoſſible; that is, the 
given product muſt not be greater than the 
ſquare of half the given ſum of the num- 
bers ſought. This limitation can eaſily be 
Thewn from other principles; for, the great- 


eſt poſſible product of two parts, into which 
any 


( uz ) 
any number may be divided, is when each 
of them is a half of it. If þ be equal to 
= there is only one ſolution, and * al- 


a 
ſo a=x=— . 


There are three numbers in continual geome- 
trical proportion: The Jum of the firſt 
and ſecond it 10, and the difference of the 
ſecond and third is 24. What are the 


numbers ? 
Let the firſt be. 1,2 
'The ſecond will be 10o—2 
And the third 334—2 
Since z: 10—z: 34—2 42 —20z ＋ 100=342—z? 
Tranſp. 22.— 5422 —1 00 
Divid. 62 —27 22 0% 
l 3 27 

Compl. the ſquare N 2502 = 
Extract the / 8 S 

| : 
Tranſp. 5 a=27 225 or 2. 

1 


But though there are two poſitive roots 
in this equation, yet one of them only can 
P here 
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here be of uſe, the other being excluded by 
a condition in the queſtion. For, as the 
ſum of the firſt and ſecond is 10, 25 cannot 
be one of them : 2 therefore is the firſt, and 
the proportionals will be 2, 8, 32. 

This reſtriction will alſo appear from the 
explanation given of the third form, to 
which this equation belongs, For 2 may 


be leſs than =, but from the firſt condition 
of the queſtion it cannot be greater; hence 
the quantity 2* —272z + =] can have on- 


ly one ſquare root, viz, ; and this being 


put equal to. ,/ =, we have by tranſpoſi- 


tion 2 which gives the only 

juſt ſolution of the queſtion. | 
From the other root, indeed, a ſolution of 
the queſtion may be repreſented by means of 
a negative quantity. If the firſt then be 
25, the three proportionals will be 25, — 15, 
9. Theſe alſo muſt anſwer the condi- 
tions, according to the rules given for ne- 


le 


( us ) | 
gative quantities, though ſuch a folution 
has no proper meaning. 

Beſides, it is to be obſerved, that, if the 
following queſtion be propoſed, * to find 
© three numbers in geometrical proportion, ſo 
© that the difference of the 1t and 24 may 
* be 10, and the ſum of the 2d and 3d may 
* be 24 The equation in ſtep 6th will be 
produced; for, if the 1ſt be z, the 2d is 2 
io, and the 34 34—2, and therefore 342 
—2*=2*—20z +100; the very ſame equa- 
tion as in ſtep 4th. In this queſtion it is 
plain that the root 25 only can be uſeful, 
and the three proportionals are 25, 15, 9. 

But the neceſſary limitations of ſuch a 
problem are properly to be derived fron a 
general notation, Let the ſum of the two 
firſt proportionals be a, and the difference 
of the two laſt 5. If 2 is not greater than 
b, the firſt term muſt be the leaſt ; but, if 
u be greater than 6, the firſt term may be 
either the greateſt or the leaſt. 

When the firſt term is the leaſt, the pro- 


per notation of the three terms is z, 4, 
| a 


K = 7 — — 


4 — 
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a h-, and the equation when ordered is 
2 =. If the firſt term be the 


greateſt, and then @ is greater than b, the 
notation of the terms is Z; a- z, 4-5-2, 


and the correſponding equation is 2E. 
3s & 0 


— 


2 4 : 
Of the firſt of theſe equations it may be 
obſerved, that, whatever be the value of a 
and b, the ſquare of "= viz. of half the 


— 
— — 


2 
coefficient of z, is greater than , and there- 


fore the roots are always poſſible. If the 
ſquare be completed, and the roots extrac- 


ted, they become — Las, 


4 
and 2 —2= aH — 8a* But in this 
l | 


caſe ⁊ is the leaſt of the three terms, and there- 
fore a is greater than 22, or — is greater than 

| 3346 | 
2; much more then is . — greater than 2, 


and therefore the ſecond root only can be ad- 
mitted, 


( 7 ) 
3a 3a4+b—V 3ayb" Bot is the 


mitted, andz= 
4 
only proper ſolution. 1 


In the ſecond equation, ſince a is greater 
than 6, — * muſt be always poſitive, and 


| ee the equation is neceſſarily of the 
third form. But the roots are polyble 


only when3= — is not leſs than —, that 


is, when a*+6* is not leſs than Gab, 
or when a—b is notleſs than 24/ ab. When 


the roots are poſſible, z may be either great- 
er or leſs than _ „ and hence each root 


gives a proper ſolution ; therefore, 2. 


— 30— 3 


Ex. Let a=40, and 7256 The firſt 
term in this caſe may be aſſumed either as 
the greateſt or the leaſt. d, firſt, if 2 be 
the greateſt, the roots of the equation will 
be poſſible, ſince (a“ g) 1636 is greater 
than (6ab=) 1440. The two values of 2 
are 32 and 25, and the proportionals are 
either 32, 8, 2, or 25, 15, 9. 2dly, If 2 

be 
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be aſſumed the leaſt of the proportionals; 
the two roots of the equation are poſſible, 
but one of them only can be applied, which 
is 17.635 nearly, and the three proportion- 
als are 17.63 5, 22.365, and 28.365, near- 
ly, the roots of the equation being incom- 
menſurate. 


| | In like manner may the limitations of 
*the other queſtion above mentioned be af- 
0 certained. | 


Though the preceding queſtions have 
been ſo contrived that the anſwers may be 
"integers, yet in practice it will moſt com- 
monly happen that they muſt be ſurds. 
When in any queſtion the root of a number 
which 1s not a perfect ſquare, is to be ex- 
tracted, it may be continued in decimals, 
' by the common arithmetical rule, to any 
degree of accuracy which the nature of the 


| ſubject may require. 


$8 CH Oz 
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Nor. 5H 


s G H 1. U 


An equation, in the terms of which two 
powers only of the unknown quantity are 
found, and ſuch that the index of the one 
is double that of the other, may, by the 
preceding rules, be reduced to a pure equa- 
tion, and may therefore be reſolved W Sect, 
I. of this pen 


Such an equation may N be re- 
preſented thus, 0 901 


| * E = Ab 
Let x" 2, then 2* az = ===0" 


And x" (=== ＋ 72 h | 


G TEAM SCE 
Therefore 7 — 9 4 2 N 55 


EXAMPLE XV, 


To find two numbers, of which the product 


z5 100, and the difference of. their ſquare 
roots 3. 


6 $234 


Let 


( 120 ) 


Let the leſs be x,j too 
the greater is | __ 
10 


By queſtion 2 2 


* 


2 ror fn 35 | 


x+3x7 =10 


| [cn+3x742 2210+2 = oy 


| —— and x*=2 or —5 
7 x 


| 


If x=4 the other number i is 25, and this 
is the proper ſolution, for x was ſuppoſed 
to be the leaſt. In this caſe indeed, the 
negative root of the equation being appli- 
ed, according to the rules for negative 
quantities, gives a poſitive anſwer to the 
queſtion, and if x=2 55 the other number 


is 4. 
The ſame would have been 8 by ſub- 


ſtituting in the general theorem, m=z,a=3, 
and Ic; or, if the leſs number had been 
called x*, the equation would not have had 
fractional exponents. 


42 or X=25 


C H AP. 
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— 


CH A P. VI. 
Of Indeterminate Problems, 


I. was formerly obſerved, (Chap. III.) 
that if there are more unknown quan- 
tities in a queſtion, than equations by which 
their relations are expreſſed, it is indeter- 
mined ; or it may admit of an infinite 
number of anſwers. Other circumſtances, 
however, may limit the number in a cer- 
tain manner, and theſe are various, accor- 
ding to the nature of the problem. The 
> contrivances by which ſuch problems are 
reſolved, are ſo very different in different 
caſes, that they cannot be comprehended in 


general rules, 


Q „ 


( 
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EZAAMPLE L 


To divide a grven ſquare number into two 
parts, each of which ſhall be a ſquare 


number, 


There are two quantities ſought in this 


queſtion, and there is only one equation 
expreſſing their relation; but it is required 
alſo, that they may be rational, which cir- 
cumſtance cannot be expreſſed by an equa- 
tion; another condition therefore muſt be 
aſſumed in ſuch a manner as to obtain a 
ſolution in rational numbers. 

Let the given ſquare be a“, let one of the 
ſquares ſought be x*, the other is a*—x*. 
Let 7x—a alſo be a fide of this laſt ſquare, 


therefore r* — 2rxa+4* =a*—x* 
By tranſp. X & rx 
Divide by x rx +x S ra 
Th 23 
erefore * 
2724 24—4 
Aus (x * ) +1 


Let er therefore be aſſumed at pleaſure, and 
2 


= (. $83 
274 rigs 


i +1 
al, will be the ſides of the two ſquares re- 


quired. 


, which muſt always be ration- 


Thus, if a 100. Then, if r=3, the 
ſides of the two ſquares are 6 and 8, for 


36 464 100. 
Alſo let a*=64. | That if 7=2, the ſides 
of the ſquares are = : = and =; ; and 224. 4.479 


25 25 
64. 


21600. 
25 


The reaſon of the aſſumption of rx—a 
as a ſide of the ſquare a*—x*, is that being 
- ſquared and put equal to this laſt, the e- 
quation manifeſtly will be ſimple, and the 
root of ſuch an equation is always rational. 


EXAMPLE II. 


To. find two ſquare numbers whoſe difference 
7s 8 en. 
Let 
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Let x* axd y* be the ſquare numbers, and 4 
their r bl 


— 
and 5 


25 +22v 5 * 
7 
2*—22z0 + v* _ 

4 * 
20. (x*—j*=)a. 


& 


If x and y are required only to be ra- 
tional, then take v at pleaſure, and z= 55 


whence x and y are known. | 


But if x and y are required to be whole 
numbers, Take for z and v any two factors 
that produce a, and are both even or both 
odd numbers, And this is poſſible only where 
a is either an odd number greater than 1, 


or a number diviſible by 4. Then = and 


2 


mm / 4 
pv 3228 are the numbers ſoug ht. ; 


For the product of two odd numbers 

is odd, and that of two even numbers is di- 
viſible by 4. Allo, if z and v are both odd 
or 
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or both even, —.— and 7 muſt be i inte- 
gers. 


Ex. 1. If a=27, take v = I, then 22 
27; and the ſquares are 196 and 169. or 2 
may be 9 and v=3, and then the” om 
are 36 and 9g. | 


2. If a=12, take WO and 2406 and 
the ſquares are 16 and 4. 


EXAMPLE 0: 


Ns ro oa 
lings, whoſe half is juſt its reverſe. 


Note. The reverſe of a ſum of money, 
as $1. 12 8. is 121. 8 8. 


Ly 


Let x be the pounds, and y the ſhillings. 
The ſum required is 20x + y 
Its reverſe is = 20% +x 


Therefore _ = 2022 20 + x 


20x +J=407 + 2X 
SX 39 ä 
* ::: (39: 18: :) 13:6 


In 
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In this equation there are two unknown 
quantities; and, in general, any two num- 
bers of which the proportion is that of 13 
to 6, will agree to it. 

But, from the nature of this queſtion, 13 
and 6 are the only two that can give the 
proper anſwer, viz. 13 l. 6 8. for its reverſe 
o 13 8. is juſt its half. 

The ratio of x and y is expreſſed in the 


wn integral terms by 13 and 6 any o- 
ther expreſſion of it, as the next greater 26 


and 12, will not ſatisfy the problem, as 121. 
26 8. is not a proper notation of money in 


* and ſhillings. 


CHAP. 


627) 


H K e 
Demonſtration of Theorems by Algebra. 


LGEBRA may be employed for 

the demonſtration of Theorems, 
with regard to all thoſe quantities concer- 
ning which it may be uſed as an analyſis, 
and from the general method of notation 
and reaſoning, it poſſeſſes the ſame advan- 
tages in the one as 1n the other. The three 
firſt ſections of this chapter contain ſome 
of the moſt ſimple properties of ſeries which 
are of frequent uſe; and the laſt, miſcella- 
neous examples of the properties of alge- 
braical quantities and numbers. 
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I. Of Aruhmetical "OM 


Def. When a number of quantities in- 
creaſe or decreaſe by the ſame common dif- 
ference, they form an Arithmetical Series. 


Thus, a, a Tb, a+26, a+36, Cee x, x—b, 
* 2b, &c. | 
Alſo, 1, 2, 3, 4, 5, 6, &c. And "7 4 | 
&c. 


Prop. In an arithmetical ſeries, the ſum 
of the firſt and laſt terms is equal to the 
ſum of any two intermediate terms, equally 
diſtant from the extremes, 

Let the firſt term be a, the laſt æ, and 5 
the common difference; then a-+b will be 
the ſecond, and x—b the laſt but one, &c. 


Thus, a, a Lb, a 2b, a 3b, a+4b, &c. 


X * Xx —5, & — 26, xX— 36, * — 46, &c. 


It is plain, that the terms in the ſame 


perpendicular rank are equally diſtant from 
the 
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the extremes, and that the ſum of any two 
in it is a-þx, the ſum of the firſt and laſt. 


Cor. 1. Hence the ſum of all the terms 
of an arithmetical ſeries, is equal to the 
ſum of the firſt and laſt, taken half as often 
as there are terms. | | 

Therefore if u be the number of terms; 


and s the ſum of the ſeries ; $=at*x2, 
If ago, then i= - 

Cor. 2. The ſame notation being under- 
ſtood, ſince any term in the ſeries conſiſts 
of a, the firſt term, together with 6 taken 
as often as the number of terms preceding 
it, it follows, that x=a+lt—1 X 6b, and 
hence 5s =2a+n—1XxbX =; or by multi= 


CELLS *$b-—nb | 
plication, 5 = — =; Therefore from 


the firſt term, the common difference, and 
number of terms / being given, the ſum may 
be found. 


Ex. Required the ſum of 50 terms of 
the ſeries 2, 4, 6, 8, &c. 
R | 5 
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= — D 223550. 
Cor. 3. Of the firſt term, common dif- 
ference, ſum and number of terme, any 
three being given, the fourth may be found 
by reſolving the preceding equation; a, 6, 
, and 7 being ſucceſſively conſidered as the 
unknown quantity. In the three firſt caſes 


the equation is ſimple, and in the laſt it is 
quadratic. 


Il. Of Geometrical Series. 


Def. When a number of quantities in- 
| creaſe by the ſame multiplier, or decreaſe 
by the ſame diviſor, they form a Geometri- 


cal Series, This common multiplier or di- 
viſor is called the common ratio. 


Thus a, ar, ar?, &c. 2, 2 . = &c. 
1, 2, 4, 8, &c. 


Prop. I. The product of the extremes in 
a geometrical ſeries, is equal to the product 


of 
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of any two terms, equally diſtant from the 


extremes. 
Let a be the firſt term, y the laſt, r the 
common ratio: then the ſeries is, 


a, ar, ar-, arꝭ, ar“, &c. 


5. 5 5 Ts 25 &e. 


It is bd that any term in the upper 
rank is equally diſtant from the beginning, 
as that below it from the end; and the pro- 
duct of any two ſuch is equal to ay, the 


product of the firſt and laſt, 


Prop. II. The ſum of a geometrical ſeries 
wanting the firſt term, is equal to the ſum 
of all but the laſt term, multiplied by the 
common ratio. 


For, aſſuming the preceding notation of 
a ſeries, it is plain, that 
eser, . 42 +. bee 


Ne Ter Ter Ke. TA 
: Cor, 
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Cor. 1. Therefore s being the fur of * 
ſeries, b 


5—JXr=5—a, And === 


Hence s can be found from a, , and r, 
and any three of the four being given, the 
fourth may be found. 

Cor. 2. Since the exponent of r in any 
term is equal to the number of terms pre- 
ceding it; hence in the laſt term its expo- 


nent will be 1; the laſt term therefore 


ar“ —4 PP! 
9 =ar"®—", and S EX; Hence 


of theſe four, $5, a, r, u, any three being 
given, the fourth may be found by the ſo- 
lution of equations. If u is not a ſmall 
number, the caſes of this problem will he 
moſt conveniently reſolved by logarithms ; 
and of ſuch folutions there are examples in 
the appendix to this part. 


Cor. 3. If the ſeries decreaſes, and the 
number of terms is infinite, then according 
to this notation, a the leaſt term will be o, 


vr. 


and Sm PT a finite ſum, 


Ex. 
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Ex. Required the ſum of the ſeries 1, 
3, 7 T5 Ty &c. to infinity. | 


Here 4 and F=2, Therefore == — 1X2 
2s 


What are called in arithmetic, repeating 
and circulating decimals, are truly geome- 
trical decreaſing ſerieſes, and therefore may 
be fuming FE. this rule. 


Thus 333, Ke s &. is a geo- 


metrical ſeries in which y == and r = 10, 


* 10 TI 
fore s= A _ 
| therefore Fr" ee 7 


Thus alſo. 2424, &c. == for here y= 105 


c  24X100 24 
and r=100, therefore 5 = — 
{ * '# . : d ” . : - , 100 X 100 -1 99 


. -Of Infinite Series. 


It was obſerved, (Chap, I. and IV.) that 
in many caſes, if the diviſion and evolution 
of compound quantities be actually per- 

formed, 
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formed, the quotients and roots can only 
be expreſſed by a ſeries of terms, which 
may be continued ad inſinitum. By com- 
paring a few of the firſt terms, the law of 
the progreſſion of ſuch a ſeries will fre- 
quently be diſcovered, by which it may be 
continued without any farther operation. 
When this cannot be done, the work is 
much facilitated by ſeveral methods; the 
chief of which is that by the b:nomal the- 
orem. 8 5 


Theorem. 


Any binomial (as a+6) may be raiſed to 
any power (m) by the following rules. 


1. From inſpecting a table of the powers 
of a binomial obtained by multiplication, 
it appears that the terms without their coef- 
ficients are a®, 4 — 15, a, an—3þ3, 


&c. 


2. The coefficients of theſe terms will be 
found by the following rule. 


Divide 


M—2 
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Divide the exponent of a m any term by the 
exponent of b increaſed by 1, and the quo- 
tient multiphed by the coefficient of that 


term wall give the coefficient of the next 
following term. 


This rule is found, upon trial in the 
table of powers, to hold univerſally, The 
coefficient of the firſt terms is always 1. 


and by applying the general rule now pro- 
poſed, the coefficients of the terms in order 


will be as follows, 1, n, m = mn — * 
i —— &c. They may be more convenient- | 
ly 3 5 thus, 1, Am, B , Cx =, 


D x ==, &c. the capitals denoting A. 
preceding coefficient. Hence g+þ}*=a"+ 
Ama® —b+Bx== K eK = — 
an- 35 &c. This is the celebrated * 
al theorem: It is deduced here by induction 
only, but it may be rigidly demonſtrated, 
though upon principles which do not be- 


long to this place. 
| Cor. 
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Cor. 1. As m may denote any number 
integral or fractional, poſitive or negative; 
hence the diviſion, involution and evolution 
of a binomial, may be performed by this 
theorem. e 


Ex. 1. Let mx, then TT a 
bx Na, &c. This being 
applied to the extraction of the ſquare root 
of a*+x* (by inſerting a“ for à and x* for 5) 
* ſeries reſults as formerly. (Chap, 


Ex. 2. If —— is to be turned into an iris 


finite ſeries, fince——=1 Xi r, let.a=1, 
ber, and m —1; and the ſame ſeries 
will ariſe as was obtained by ion. (Chap. 


I.) 
In like manner — Er * . 


may be expreſſed by an infinite ſeries, by 
ſuppoſing a=2r2, b=—2*, and m===x, and 
then multiplying that ſeries by . 


Cor. 
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Cor. 2. This theorem is uſeful alſo in 
diſcovering the /aw of an infinite ſeries, 
produced by diviſion or evolution. Thus, 
the ſeries expreſſing the ſquare root of a» + 
x*, conſiſts of a, together with a ſeries of 
fractions, in the numerators of which are 
the even powers of x, and in the denomi- 
nators the odd powers of a. The nume- 
ral coefficients of the terms of the whole 


ſeries, as deduced by the theorem, will be: 


14 1 IX 1.3 
1 22X 1-2”. . X#-8223* © 


N  &c. the point being uſed 


"23:2 X:352:3-46; -; 

{as it often is) to expreſs the product of the 
numbers between which it is placed. The 
law of continuation is obvious, and the ſe- 
ries may be carried on to any number of 
terms, without uling the theorem. Hence 
alſo the coefficient of the nth term is 


IX 1.3.5 Kc... (n—2 terms) kg jp 
2%—"X1, 2. 3-4 &c. (n—1) ? and It 18 + if n 


is an even number, and if 7 is odd. 


Note, If the binominal is a+b, the ſigns 
of the terms of any power are all poſitive: 
If it is a—6, the alternate terms are nega- 
| 8 tive, 
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tive, beginning at the ſecond. This theo- 
rem may be applied to quantities which 
conſiſt of more than two parts, by ſuppo- 
ſing them diſtinguiſhed into two, and then 
ſubſtituting for the powers of theſe com- 
pound parts, their values, to be obtained 
alſo, if required, from the theorem, Thus, 


a+b+=a+ +b+* 


L004... M 


An infinite ſeries may itſelf be multiplied 
or divided by another; it may be involved or 
evolved, and various other operations may 
be performed upon it which are neceſſary 
in the higher parts of algebra. The me- 
thods for finding the ſum depend upon o- 
ther principles, | 


IV. Properties of Numbers. 


THEOR, I. The ſum of two quanti- 
ties multiplied by their difference is equal 
to the difference of their ſquares, 


Let 
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Let the quantities be repreſented by a 


and 6, then a+6b x a—b=a*—b?, as appears 
by performing the operation. 


Cor. If a and 6 be any two quantities 
of which the ſum may be denoted by s, the 
difference by d, and their product by p, then 
the following propoſitions will be true. 


1. 4 ＋ = $* —2þp 2. -d 
3. 4 +b*=5F—-3p8 4. 4 - = d 
5. 4 + b* = 5* 4% +2p3 6. 44 — 4 d 25dp, &c; 


It is unneceſſary to expreſs theſe propoſi- 
tions in words, and the demonſtrations are 
very eaſy, by raiſing a+bto certain powers, 
and making proper ſubſtitutions. 


THzoR, II. The ſum of any number 
of terms () of the odd numbers -1, 3, 5, 
&c. beginning with 1, is equal to the ſquare 
of that number (u). 

In the rule for ſumming an arithmetical 


ſeries, let a=1, b=2; and nn, and the ſum 
of 


6 


of this ſeries will be 7 — $00 = 


2 2 
*, Q. E. D. 


THEOR, III. The difference of any two 
ſquare numbers is equal to the ſum of the 
two roots, together with twice the ſum of 
the numbers in the natural ſcale between 
the two roots. | 

Let the one number be p, and the other 
pu, the intermediate numbers are p + 1, 
P +25 ++. &c. pTAu— 1. The difference 
of the ſquares of the given numbers is 
2pn-+1* ; the ſum of the two roots is 2Þ+n, 


and twice the ſum of the ſeries p 4 1 + 2 

. . . &c. Þ +1—1 is (by Cor. 1. 1ft Sect. of 
this chap.) 28 = 2p+1nXn— I, viz, the ſum 
of the firſt and laſt multiplied by the num- 
ber of terms, and it is plain that 2p +n + 


2p+nXn—1=2pn+1", Therefore, &c. 


LEM. 1. Let er be any number, and u a- 

ny integer, /”—1 is diviſible by r— 1. 
The quotient will be r“ + r*—?, &c. till 
the index of 7 be o, and then the laſt term 
of 
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of it will be 1 ; for if this ſeries be multi- 
plied by the diviſor r — 1, it will produce 
the dividend “ 1. It will appear alſo by 
performing the diviſion, and inſerting for 2 
any number. 


LEM. 2. Let be any number, and 1 a- 
ny integer odd number, At- I is diviſible 
by r +1. Alſo, if 2 is any even number, 
r” —1 is diviſible by r +1. By 2: 

The quotient in both caſes is — 
r &c. till the exponent of r. be 
o, and the laſt term 7*=1. If this ſeries 
conſiſt of an odd number of terms, and be 
multiplied by 7 i the diviſor, the product 
is * + 1 the dividend. If the ſeries conſiſt 
of an even number of terms, the product is 
* —1; but it is plain that the number of 
terms will be odd only when n is odd, and 
even only when is even. The conclu- 
ſion will be manifeſt by performing the di- 
viſion. 


LEM. 3. If r is the root of an arithme- 
tical ſcale, any number in that ſcale may be 


repreſented in the following manner, a, 6, c, 
&c. 
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&c. being the coefficients or digits, a+br+ 
. 


THEOR. IV. If from any number in 
the general ſcale now deſcribed, the ſum 
of its digits be ſubtracted, the remainder 1 19 
diviſible by 7—1. 


The number is @ + br + cr* d, &c. 
and the ſum of the digits is a+ 4 d, 
&c. Subtracting the latter from the for- 
mer, the remainder i is br —b + cr*—c + dr? 


4. Rc. = b X F—1 4 x 7*—144 * 


1 —1 &c, But (by Lem. 1.) 7” —1 is di- 
viſible by r—1, whatever integer number 
n may be, and therefore any multiple of 
7"-1 is alſo diviſible by r—-1: Hence 
each of the terms, by r—1, c „ 1, &c. 
is diviſible by r—1, and therefore the whole 
is diviſible by —1. 

Cor. 1. Any number, the ſum of hats 
digits is divifible by r— 1, is itſelf diviſible 
by 7—1. Let the number be called N, and 
the ſum of the digits D; then by this Prop. 


N—D is diviſible by r—1, and D is ſup- 
ö poſed 
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poſed to be | diviſible by I; therefore it 
is plain that M muſt alſo be diviſible by 


Co 2. Any number, the ſum of whoſe 
digits is diviſible by an aliquot part of r—1, 
is alſo diviſible by that aliquot part. For, 
let Nand D denote as before; and ſince 
NM (Theor. 4.) is diviſible by r—1, it 
is alſo diviſible by an aliquot part of r—1 ; 
but D is diviſible by an aliquot part of r— 1, 
therefore M is alſo diviſible by that aliquot 
part. 


Cor. 3. This theorem, with the corro- 
laries, relates to any ſcale whatever. It in- 
cludes therefore the well known property 
of 9 and of 3 its aliquot part, in the deci- 
mal ſcale ; for, ſince r=10, r—1=9. 


THEoOR., V. In any number, if from the 
ſum of the coefficients of the odd powers of 
the ſum of the coefficients of the even 
powers be ſubtracted, and the remainder add- 
ed to the number itſelf, the ſum will be di- 


viſible by r-+1. | 
In 


— 
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| | In the number a+brþ+cor*+dri+ert+ 
| V,, &c. the ſum of the coefficients of the odd 
powers of ris b + d + f; &c. the ſum of 
the coefficients of the even powers of r is 
a Tee, &c. If the latter ſum be fubtrac- 

ted from the former, and the remainder add- 
ed to the given number, it makes br + b + 
cf —c+dar + d+er*—e+fri +}, &c. x 
TINTI TI Tek =I 1+ 
FIJI, &c. But (by Lem. 2.) 751, —1, 
#+1, &c. are each diviſible by r+1, and 
therefore any multiples of them are alſo di- 
viſible by rt, hence the whole number 1s 
diviſible by 741. 

Cor. 1. If the difference of — ſum of 
the even digits, and the ſum of the odd di- 
gits of any number be diviſible by r+1, the 
number itſelf is diviſible by r+1. 

Let the ſum of the even digits (that is, the 

coefficients of the odd powers of r) be D, the 
ſum of the odd digits be d, and let the num- 
ber be N. Then by the theorem N+D—4 
is diviſible by 7+1, and it is ſuppoſed that 
D—4 is diviſible by ri; therefore N is 
diviſible by 1. 

Cor. 2. In like manner, ib Dis divi- 
ſible by an aliquot part of r+1, N will be 
diviſible by that aliquot part. 


Oer. 
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Cor. 3 1 1 a number Want all the odd | 


powers of r, or if it want all the even 
powers of r, and if the ſum of its digits be 
diviſible by r-þ1, that number is diviſible 
by r+1, 

Cor. 4. In the common ſcale r+1=11, 
which therefore will have the properties 
mentioned in this theorem, and the corol- 
laries. Thus, in the number 64834, the 
ſum of the even digits is 7, the ſum of the 
odd digits is 18, and the difference is 11, a 
number diviſible by 11, the given number 
therefore (Cor. 1.) is diviſible by 11. Thus 
alſo, the ſum of the digits of 7040308 is 
diviſible by 11, and therefore the number 
is diviſible by 11. (Cor. 3.) 


s G H O l. 1 UM. 


Theſe Theorems relate to any ſcale hat- 
ever, and therefore the properties of J—1 


in Theor. 4. would 1 in a ſcale of eight be- 
T long 
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long to ſeven, and thoſe in Theor. 5. to 
nine. If twelve was the root of the ſcale, 
the former properties would belong to ele- 
ven, and the latter to thirteau. 


APPEN- 
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APPENDIX to Part I. 


LGEBRA may be employed in 
expreſſing the relations of magni- 

tude in general, and in reaſoning with re- 
gard to them. It may be uſed in deducing 
not only the relations of number, but alſo 
thoſe of extenſion, and hence, thoſe of eve- 
ry ſpecies of quantity expreſſible by num- 


bers or extended magnitudes. In this ap- 
pendix are mentioned ſome examples of 


its application to other parts of mathema- 
tics, to phyſics, and to the practical calcula- 
tions of buſineſs. The principles and ſup- 
politions peculiar to theſe ſubjects, which 
are neceſſary in directing both the algebrai- 
cal operations, and the concluſions to be 
drawn from then arc here aſſumed as * 
and proper. 


I, 


E 
1 


Algebra has been ſucceſsfully applied to 
almoſt every branch of mathematics; and 
the principles of theſe branches are often 
advantageouſly introduced into algebraical 
calculations. 

The application of it to geometry has been 
the ſource, of great improvements in both 
theſe ſciences; on account of its extent and 
importance it is here omitted, and the prin- 
ciples. ot it are more particularly explained | 
in the third part of theſe elements. 

In this place ſhall be given an example 
of the ule of logarithms, in reſolving cer- 
tain algebraical queſtions. 

Note. When Logarithms are uſed, let ( 
denote the On i of 11 quantity before 
which it is placed. 


Ex. Ib find the number fo terms uf a geo- 
metrical feries, of which the ſum is 511 
the Ep term I, and the common ratio * 


Front Seck. 2. Cliap. A & it appears that 
9 — and in this problem, s, r, and a 


are 
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are iven;zand u is to be found. Buy redu- 


I 


cing the equation r* =*X and from 


the known property of logarithms-nx4.r= 
Leet, nog” A 4. ; 

45 JOD SYITIHH 3B 5-0 4 
But here 511, n r=2, and n= 


4 $12 2.7922. v1 e219 19341007008 
0.2 —0.3010300” = 9- 


In like manner may any ſuch equation 
be reſolved, when the only unknown quan- 
tity is an exponent, and when it is the ex- 
Ponent only of one quantity. 

Ex. 2. An equation of the falloning 
Je: 5; Be form. a b c may be re- 
ſolved by logarithms. 1ſt, by ſcholium of 
chap. 5, af h i c. And then x 
is diſcovered in the ſame manner as in 
the preceding example. Thus, let a=2, 
b=10, and 296 and the equation 
2* 20 XK 2 = — 96. iſt. 2*=t02: 
4 =12 or 8. If 2*=8 then x= 


23 and 2-20 x 25296 is a true equa- 


J. 12 1.07901812 
4 —T 2 — 0.301030” 
3.5849, and this number being inlerted for 


tion. If 2*==12 then x= 
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& in the given equation, by means of loga- 
rithms, will anſwer the conditions. 


Ex. 3. The ſum of 20001. has been 
out at intereſt for a certain time, and 500 l. 
has been at intereſt double of that time, the 
whole arrear now due reckoning 4 per cent. 
compound intereſt, is 6000 l. What were the 
— — 

By the rules in the third part of this ap- 
pendix for compound intereſt,” it is plain 
that if R=1. 04, and the time at which the 
2000 |. is at intereſt be x, the arrear of it 
will be 2000 x R. The arrear of the 
Soo l. is oo R, hence 500 X R* 2000 

XR 178 This reſolved gives R*=2 


and x=T3=17. 67, + nearly, that i is 17 
years and 8 months nearly, and the double 
is 35 years and 4 months ; which anſwer 
the conditions. 


PE HI of Algebra to Phaſe, 


- Phyſical quantities which ean be divided 
into. parts, that have proportions to each 
-other, the ſame as the proportions of lines 

to 
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to lines, or of numbers to numbers, may 
be expreſſed by lines and numbers, and 
therefore by algebraical quantities. Hence 
theſe mathematical notations may be con- 
ſidered as the meaſures of ſuch phyſical 
quantities; they may be reaſoned upon, ac- 
cording to the principles of algebra, and 
from ſuch reaſonings, new relations of the 
quantities which they repreſent, may be 
diſcovered. 

In thoſe branches of natural philoſophy, 
therefore, in which the circumſtances of the 


phaenomena can be properly expreſſed by 
numbers, or geometrical magnitudes, alge- 
bra may be employed, both in promoting 
the inveſtigation of phyſical laws by expe- 
rience, and alſo, in deducing the neceſſary 
conſequences of laws inveſtigated and pre- 
ſumed to be juſt. 

It is to be obſerved likewiſe, that if vari- 
ous hypotheſes be aſſumed, concerning phy- 
ſical quantities, without regard to what 
takes place in nature, their conſequences 
may be demonſtratively deduced, and thus 
a ſcience may be eſtabliſhed, which may be 
proper! y called mathematical. The uſe of 
algebra 
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algebra in this ſcience, which is ſometimes. 
called Theoretical Mechanics, is obvious 
from the principles already laid down. 

In conduQting theſe inquiries, it is to be 
obſerved, that, for the ſake of brevity, the 
language of algebraical operations is often 
uſed, with regard to phyſical quantities 
themſelves; though it is always to be un- 
derſtood, that, in ſtrict propriety, it can be 
applied only to the mathematical notations 
of theſe quantities. 

Before illuſtrating this n of al- 
gebra by examples, it may be proper to ex- 
plain a method of ſtating the proportion of 
variable quantities, and reaſoning with re- 
gard to it, which is of general uſe in natu- 

ral philoſophy. Po ee 


1. Of the proportion of variable Quantities 


_ Mathematical quantities are often ſo con- 
nected, that when the magnitude of one is 
varied, the magnitudes of the others are 
'vaned, according to a determined rule. 
Tate if two en * yew in poſi- 
tion, 


Cr " 
4 n - 
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tion, interſect each other; and, if a ſtraight 
line, cutting both, moves parallel to itſelf, 
the two ſeg ments of the given lines between 
their interſection, and the moving line, how- 
ever varied, will always have the ſame pro- 
portion. Thus alſo, if an ordinate to the 
diameter of a parabola move parallel to it- 
ſelf, the abſciſs will be increaſed or diminiſh- 
ed, in proportion as the ſquare of the ordi- 
nate is increaſed or diminiſhed, 1 

In like manner may algebraical quanti- 
ties be connected. If x, y, z, &c. repreſent 
any variable quantities, while a, &, c, repre- 
ſent ſuch as are conſtant or invariable, then 
an equation containing two or more vari- 
able quantities, with any number of con- 
ſtant quantities, will exhibit a relation of 
variable quantities, ſimilar to thoſe already 
mentioned. Thus, if ax =by, then x: y:: 6:4, 
that is, x has a conſtant proportion to , in 
whatever way theſe two quantities may be 
varied. Likewiſe, if xy*=a*b, then j*: a:: b: x, 


or ::: 8 5. that is, 5 has a conſtant 


proportion to be reciprocal of 'x, or, . is 


ited: in the ſame proportion as x is di- 
U miniſhed, 
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miniſhed, and converſely. It is neceſſary to 
premiſe the following definitions. 


DEFINITIONS. 


Let there be any number of variable 
quantities I, J, Z, J, &c. connected in ſuch 
a manner, that, when X becomes x, V, Z, V, 
& c. become reſpectively , 2, v, &c. And 
let a, b, c, &c. repreſent any conſtant quan- 
tities, whether given or unknown. Then 


1. If two variable quantities and Hare 
ſo connected, that, whatever be the values 
of x and y, I: Xũ :: T: q, this proportion is 
expreſſed thus, X=Y, and & ſis ſaid to be 
directly 45 T, or ſhortly, X 1s ſaid to be as F. 


2. If two variable quantities X and Y are 
HEY that T: Xͤ ::: T, or A: *:: 


1: ; their relation is thus expreſſed, 


X==; and X is faid to be inverſely, or 
reciprocally as Y. 


3. If X, T,. EZ, are three variable quanti- 
ties, & an that A: :: TZ: y2, their 
relation 


Es 


relation is ſo expreſſed, T H, and X is ſaid 
to be directly as Y and Z, jointly; or I is 
ſaid to be as Hand 2. 


4. If any number of variable quantities 
as X. Y, Z, V, &c are ſo connected, that 


AY: xy: : 20 „ Ez then n N, and X is 


faid to be direlth as YZ, and inverſely as V, 
or more explicitly. X and Y jointly, are di- 
rectly as Y and Z jointly, and inverſely as V. 

In like manner are other combinations of 
variable qualities denoted and expreſſed. 

It is to be obſerved alſo, the ſame defini- 
tions take place, when the variable quanti- 
ties are multiplied, or divided by any con- 
b 


ſlant quantities. Thus, if aK: ax ::: _ 


then ax — 2 &c. 


5. Let the preceding notation of propor- 
tion be called a proportional equation *, the 
equa- 
* Theſe terms are uſed only with a view to give 
more preciſion to the ideas of beginners. In order to 
avoid the ambiguity in the meaning of the ſign =, 
ſome writers employ the character &, to denote con- 
Kant proportion; but this is ſeldom neceſſary, as the 
quantities compared are generally of different kinds, 
and the relation expreſſed is ſufficiently obvious. See 
Emerſon's Mathematics, Vol. 1. 
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equations formerly treated of being in this. 
place, for the ſake of GiftinQion, called 


abſolute. 


Cor. Every abſolute equation, contain- 
ing more than one variable quantity, may 
be conſidered as a proportional equation ; 
and, in a proportional equation, if at any 
particular correſponding values of the vari- 
able quantities, the equation becomes abſo- 
hate, it will be univerſally abſolute. 


Prop. I. If one ſide of a proportional e- 
quation be either multiplied or divided by a- 
ny conſtant quantity, it will continue to be 


true. Thus, if X F- then Trg. For, 


ſince X==> (Def. 3.) X: x + : = it fol- 
lows (Chap. 2.) that X : x: : 17 5. there- 


fore (def. 4.) I=. 


P Ror. 2. If the two ſides of a propor- 
tional equation be both multiplied, or both 
divided by the ſame quautity, it will conti- 
nue to be true. 


Ii, If the quantity be conſtant, it is ma- 
nifeſt from Prop. I, | 
25 
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ad, If the quantity be variable, let T 
Y, and Z a &ariable quantity, then XZ HZ. 
For, lince X=Y, (Def. 2.) X:x::Y: y; mul- 
tiply the antecedents by Z, and the conſe- 
quents by 2, then I: xz: : IZ: y2, there- 


fore (Def. 5.) AE HA. In like manner, if 
#1 F 


14 5 Z- 

| Cor. Any variable quantity, which is a 
factor of one fide of a proportional equa- 
tion, may be made to ſtand alone, Thus, 


if Ng, then * alſo, Z =ATV; and I= 
EF and alſo V= 5. &c. Hence, alſo, if 


one ſide of a proportional equation be divi- 
ded by the other, the quotient is a conſtant 
quantity, viz. 1. 


PRoOr. 3. If two proportional equations 
have a common ſide, the remaining two 
ſides will form a proportional equation. 
Alſo, that common ſide will be as the ſum or 
difference of the other two. 

Thus, if I=, and Y=Z, then X=Z. For 
IJ: x:: T:, and F: :: Z: 2, therefore mul- 
tiplying thele ratios, II: xy 7 Z: yz,and by 

dividing 
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dividing antecedents and conſequents, X: x 
Z: 2, therefore (Def. 2.) Z.. 
Likewiſe, if IT, and Y=Z,Y =X + Z. For, 
finceX:x::Y:7::Z :2.(Chap.2.)Y :y:: 
IZ: x, therefore Def. 5. IZ. 


Cor. Hence, one fide of a proportional 
equation, will be as the ſum, or as the dif- 
ference of the two ſides ; and the ſum of the 
two ſides will be as their difference. Thus, 
if XA=Y +Z, then A ATZ and 44 
Y—Z, and alſo ITZ =X—Y—Z, 


PRor. 4. If the two ſides of a propor- 
tional equation be reſpectively multiplied or 
divided by the two ſides of any other pro- 
portional equation, the products or quoti- 
ents will form a proportional equation. 

Thus, if X=Y, and Z -V, then V. 
For, ſince I: x:: T: q, and Z: z:: V: v, by 
multiplying theſe proportions (Chap. 1. 2.) 
XZ : xz :: TV : yu, therefore (Def. 5.) XZ = 
TV. In like manner in the caſe of diviſion. 


Cor. 1. The two ſides of a proportional 
equation may be raiſed to any power, or, 
any root may be extracted out of both, and 
the equation will continue to be true. 

Thus, 
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Thus, if X=Y, then £"=Y"; for, eren 
Y=YT;, I: *:: T: and therefore X" : 227 
Nu: yn; therefore A 7 And, if A= 
alſo I u. 


CoR. 2. If two proportional equations 
have a common fide, that ſide will be as the 
ſquare root of the product of the other two. 
Thus, if X=Y, and =, by this prop. Y*= 
XZ, and (Cor. 1.) TVM. Hence alſo, in 
this caſe, =, for — by * 
14 . 1 55 


Cok. 3. If one nde of a proportional e- 
quation be a factor of a ſide of another pro- 
portional equation, the remaining ſide of the 
former may be inſerted in the latter, in A 


of that factor. Thus, if X=2Y, and 285 78 


then X=Z 57 As appears by multiplying the 
two equations, and dividiog by 2 


PROP. 5. Any proportional equation may 
be made abſolute, by multiplying one ſide 
by a conſtant quantity. 0 

Thus, if AI, then let two particular cor- 
reſponding values of theſe variable quanti- 

ties 
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ties be aſſumed as conſtant, and let them be 
a and 6, then I: 4:: F: b, and Xb=aY, or 
K=rY x 7 an abſolute equation. | 


8 GH O Lilie M. 


1. If there be two variable phyſical quan- 
tities, either of the fame, or of different 
kinds, which are ſo connected, that, when 
the one is increaſed or diminiſhed, the other 
is increaſed or diminiſhed in the ſame pro- 
portion ; or, if the magnitudes of the one, 
in any two ſituations, = the ſame ratio to 
each other, as the magnitudes of the other 
in the correſponding fituations, the relation 
of the mathematical meaſures of theſe quan- 
tities may be expreſſed by a proportional e- 
quation, according to Def. 1. N 


2. If two variable phyſical quantities be 
ſo connected, that the one increaſes in the 
fame proportion as the other is diminiſhed, 
and converſely ; or, if the magnitudes of the 
one, in any two ſituations, be reciprocally 


proportional to the magnitudes of the other, 
in 
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in the correſponding ſituations, the relation 
of their meaſures may be expreſſed by a 
proportional equation, according to Def. 2. 


3. If three variable phyſical quantities are 
ſo connected, that one of them is increaſed 
or diminiſhed, in proportion as both the 
others are increaſed or diminiſhed ; or, if 
the magnitudes of one of them in any 
two ſituations, have a ratio, which is com- 
pounded of the ratios of the magnitudes of 
the other two, in the correſponding fitua- 
tions; the relation of the meaſures of theſe 
three may be expreſſed by a proportional 
equation, according to Def. 3. 


4. In like manner may the relations of 
other combinations of phyſical quantities 
be expreſſed, according to Def. 4. And 
when theſe proportional equations are ob- 
tained, by reaſoning with regard to them, ac- 
cording to the preceding propoſitions, new 
relations of the phyſical quantities may be 
deduced. 


2. Examples of Phyſical Problems. 
The uſe of algebra, in natural philoſo- 
phy, may be properly illuſtrated by tome 
| X examples 
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examples of phyfical problems. The folu- 
tion of ſuch problems muſt be derived from 
known phyſical laws, which, though ulti- 
mately founded on experience, are here aſ- 
ſumed as principles, and reaſoned upon ma- 
thematically, The experiments by which 
the principles are aſcertained admit of vari- 
ous degrees of accuracy ; and on the degree 
of phyſical accuracy in the principles will 
depend the phyſical accuracy of the conclu- 
fions mathematically deduced from them. 
If the principles are inaccurate, the conclu- 
fions muſt, in like manner, be inaccurate ; 
and, if the limits of inaccuracy in the prin- 
ciples can be aſcertained, the correſponding 
limits, in the concluſions derived from 
them, may likewiſe be calculated. 


nr 


Let a glaſs tube, 30 inches (a) long, be filled 
with mercury, exc:pting 8 inches (b); and 
let it be inverted. as in the Torricellian 
experiment, ſo that the 8 inches of com- 
mon air may rife to the top: It is required 
to find at what height the mercury will 
remain ſuſpended, the mercury in the ba- 

rometer 
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rometer being at that time 28 inches (d 
high. 


The ſolution of this problem depends up- 
on the following principles: | 

1. The preſſure of the atmoſphere 1s 
meaſured by the column of mercury in the 
barometer ; and the elaſtic force of the air, 
in its natural ſtate, which reſiſts this preſ- 
ſure, is therefore meaſured by the ſame co- 
lumn. 

2. In different ſtates, the elaſtic force of the 
air is reciprocally as the ſpaces which it oc- 
cupies. 

3- In this experiment, the mercury which 
remains ſuſpended in the tube, together 
with the elaſtic force of the air in the top of 
it, being a counterbalance to the preſſure 
of the atmoſphere, may therefore be expreſ- 
ſed by the column of mercury in the baro- 


meter. 


Let the mercury in the tube be x inches, 
the air in the top of it occupies now the 
ſpace ax; it occupied formerly & inches, 
and its elaſtic force was 4 inches of mercu- 
ry: Now, therefore, the force muſt be 

(a -x 
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8 
la—x:b:: d:) inches (a.). Therefore 


( 3. x hex Sd. This reduced, and putting 


a+d=2mthe equation is x*— 2mx=bd— ad 
This reſolved gives xm n Tad. 
In numbers = - x=44 or 14. 

One of the roots 44 is plainly exAuded in 
this caſe, and the other 14 is the true an- 
ſwer. If the column of mercury x, ſuſpend- 
ed in the tube, were a counterbalance to the 
preſſure of the atmoſphere, expreſſed by 
the height of the barometer d, toge- 
ther with the meaſure of the elaſtic force 


of b6 inches of common air in the ſpace 


883. bd bd 


d, the equation will be the ſame as before, 
and the root 44 would be the true anſwer. 
But thẽ experiment in this queſtion does 
not admit of ſuch a ſuppolition, 
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The diftance of the earth and moon (d,) and 

their quantities of matter (t, I,) being gi- 

ven, to find the point of equal attraction, 
between them, 


Let 
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Let the diſtance of the point from the 
earth be x: Its diſtance from the moon 
will be therefore d -x. But gravitation is 
as the matter directly, and as the ſquare of 
the diſtance inverſely; therefore the earth's 


attraction is as 2 and the moon's attrac- 


. . [ | 
ion is ar. But theſe are here equal; 
—_—— denn 


therefore, 
9 and Vf =. 
E Xx d—x 
Thi da/t 
is equation reduced gives eee 
Or mult. numerator and 3 -d. 
nominator by / - ak = 


In round numbers, let 4=60 ſemidiame- 
ters of the earth, ?=40, /=1, then x 52 
ſemidiameters nearly. There is another 
point beyond the moon at which the attrac- 
tions are equal, and it would be found by 
putting the ſquare root of I-, to be x 


-d, which, in this caſe, would be a poſi- 


dt Cd __ 72 


tive quantity; and then x= 


nearly. If the quantities had been multi- 
plied 
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plied before extracting the ſquare roots, the 
adfected quadratic would have given the 
ſame two roots. 


E X AMP L E II. 


Let a flone be dropt into an empty pit; and 
let the time from the dropping of it to the 


hearing the ſound from the bottom be gi- 
ven: To find the depth of the pit. 


Let the given time be a; let the fall of a 
heavy body in the 1ſt ſecond of time (16.122 
feet) be b: alſo, let the motion of ſound 
in a ſecond (1142 feet) be c. 


Let the time of the ſtone's fall be 

The time in which the ſound of) 
it moves to the top is 

The deſcent of a falling body is 
as the ſquare of the time, there- 
fore the depth of the pit is 

$*;:x* 2:08) 

The depth from the motion of 
ſound is alſo | 

Therefore 3 and 4 


1'x 


| 


x ca cx 


5 


This equation being reſolved, gives the 
value of x, and from it may be got bx* or 
ca cx, the depth of the pit. 


If 
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If the time is 10” then x=8. 885 nearly, 
and the depth is 1273 feet. 

There are ſeveral circumſtances in this 
problem which render the concluſion | in- 
accurate. 

1. The values of c and b, on which the 
ſolution is founded, are derived from expe- 
riments, which are ſubject to conſiderable 
inaccuracies. 

2. The reſiſtance of the air has a great 
effect in retarding the deſcent of heavy bo- 
dies, when the velocity becomes ſo great as 
is ſuppoſed in this queſtion ; and this cir- 
cumſtance is not regarded in the ſolution, 

3. A ſmall error, in making the experi- 
ment to which this queſtion relates, produ- 
ces a great error in the concluſion. This 
circumſtance is particularly ro be attended 
to in all phyſical problems; and, in the 
preſent caſe, without noticing the preceed= 
ing imperfections, an error of half a ſecond, 
in eſtimating the time, makes an error of a- 
bove 100 feet in the expreſſion of the depth 
of the pit. 


III. 
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Ul. 07 Intereft and Annuities, . 


The application of algebra to the calcula- 
tion of intereſts and annuities, will furniſh 
proper examples of its uſe in buſineſs, Al- 
gebra cannot determine the propriety or juſ- 
tice of the common ſuppoſitions on which 
theſe calculations are founded, but only the 
neceſſary concluſions reſulting from them. 


Notation. 


In the following theorems let p denote 
any principal ſum of which 11. is the unit, 
t the time during which it bears intereſt, of 
which 1 year ſhall be the unit, 7 the rate 
of intereſt of 1 l. for 1 year, and let s be the 
amount of the principal ſum p with its in- 
tereſt for the time ? at the rate 7. 


I. Of Simple Intereſt. 


s=p+ptr, and of theſe four, 5, p, f, r, 
any three being given, the fourth may be 


found by reſolving a ſimple equation. 
The 


(169) 
The foundation of the canon is very ob- 
vious; for the intereſt of 1 l. in one year is 


r, for t years it is tr, and for p pounds it is 


ptr ; the whole amount of principal and in- 
tereſt muſt therefore be p+ptr i. 


II. Of Compound Intereſt, 


When the ſimple intereſt at the end of 
every year is ſuppoſed to be joined to the 
principal ſum, and both to bear intereſt for 
the following year, money is ſaid to bear 
compound intereſt, Ihe ſame notation be- 
ing uſed, let 1+r=R. Then DR. 

For the ſimple intereſt of 1 L. in a year 
is r, and the new principal ſum therefore 
which bears intereſt during the iecond year 
is (IIS) R; the intereſt of R for a year 
is R, and the amount of principal and in- 
tereſt at the end of the 2d year, is R+rR= 
RXIi+r=R*, In like manner, at the end 
of the 3d year it is R?, and at the end of : 
years it is R, and for the ſum p it is N.. 

Cor. 1. Of theſe four p, R, t, s any three 
being given the 4th may be found. When 
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t is not very ſmall, the ſolution will be 
obtained moſt conveniently by logarithms. 
When R is known r may be found, and 
converſely. | 
Ex. If 5001. has been at intereſt for 21 
years, the whole arrear due, reckoning 4 
per cent. compound intereſt, is 1260. 121. 
or 1260. 2s. 5d. In this caſe p=500, 
R=1.045 and f=21 and = 1260. 12, and 
any one of theſe may be derived by the theo- 
rem from the others being known. Thus, 
to find ; RTX. Ra X 0.0191 163 
So. 40 14423, therefore R'=2.520242 and 
s= (pR'=) Foo x 2.520242 21260. 121. 
Cor. 2. The preſent worth of a ſum (5) 
in reverſion that is payable after a certain 
time t is found thus. Let the preſent worth 
be x, then this money improved by com- 


pound intereſt during ? produces x, which 
muſt be equal to s, and if xR'=s, x Fo 
Cor. 3. The time in which a ſum is 


doubled at compound intereft x4 be found 
thus. PR ap and Rr and 1 75 thus, if 
the 


Em“) 


the rate is 5 per cent. r=.05 and E2= oF 


Tie 1.05 
88871855 14.2066, that is 14 years and 75 


days nearly. 


Su CMH Mn n 0 


Many other ſuppoſitions might be made 
with regard to the improvement of money 
by compound intereſt. The intereſt might 
be ſuppoſed to be joined to the capital, and 
along with it to bear intereſt at the end of 
every month, at the end of every day, or 
even at the end of every inſtant, and ſuit- 
able calculations might be formed; but theſe 
ſuppoſitions, being ſeldom uſed in practice, 
are omitted. 


Of Annuit 165. 


An annuity is a payment made annually 
for a certain term of years, and the chief 
problem, with regard to it is, to determine 

its 
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* its preſent worth.” The ſuppoſition on 
which the ſolution proceeds is, that the 
money received by the ſeller, being impro- 
ved by bim in a certain manner during the 
continuance of the annuity, amounts to the 
ſame ſum as the ſeveral payments received 
by the purchaſer, improved in the ſame 
manner. The ſuppoſitions with regard to 
the improvement may be various. What 
is called the method of fimple intereſt, in 
which ſimple intereſt only is reckoned upon 
the purchaſe money, and ſimple intereſt on 

each annuity from the time of payment, is 
ſo manifeſtly. unequitable, as to be univer- 
ſally rejected; and the ſuppoſition which is 
now generally admitted in practice, is the 
higheſt improvement poſſible on both ſides, 
viz. by compound intereſt, As the taking 
compound intereſt is prohibited by law, the 
realizing of this ſuppoſed improvement re- 
quires punQual payment of intereſt, and 
therefore, the intereſt in ſuch calculations is 
uſually made low, Even with this advan- 
tage, it can hardly be rendered effectual in 
its full extent; it is however univerſally 
acquieſced 


E 


acquieſced in, as the moſt proper founda- 
tion of general rules; and when peculiar 
circumſtances require any different hypo- 
theſis, a ſuitable calculation may be made. 

Let then the annuity be called a, and let 
p be the preſent worth of it or purchaſe 
money, f the time of its continuance, and 
let the other letters denote asxtormerly, 

The ſeller, by improving the price recei- 
ved p, at compound intereſt, at the time the 
annuity ceaſes, has pt. 

The purchaſer is ſuppoſed to receive the 
firſt annuity à at the end of the firit year, 
which is improved by him for - 1 years; 
it becomes therefore (Th. 2.) aR'— 

He receives the 2d annuity at tie ed of 
the 2d year, and when improved /—2, it 
becomes aR,—*. 

The third annuity becomes N, &c. 

The laſt annuity is fimply a, therefore 
the whole amount of the improved annui- 
ties is the geometrical ſeries a+aRþaZ?, 
&Cc...aR'>', The um of this ſeries, by 


| But, 


6 
But, from the nature of . bowlen. 
pR'=ax—=, and hence p=aX = 77 a 


I 


The ſame concluſion reſults from calcu- 
lating the preſent worth of the ſeveral an- 
nuities, conſidered as ſums payable i in rever- 
ſion. 


Cor. 1. Of theſe four p, a, R, t, any 
three being given, the fourth may be found, 
by the ſolution of equations; ? is found ea» 
fily by logarithms, R or er can be found on- 
ly by reſolving an adfected equation of the 


order. 


Cor. 2. If an annuity has been unpaid 


for the term f, the arrear, reckoning com- 


pound intereſt, will be ax —.— 


Cor. 3. The preſent worth of an annuity 
in reverſion, that is to commence after a 
certain time ſu), and then to continug ? years, 

is 
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is found by ſubtracting the preſent, worth 
for n years from the preſeat worth for #+t 
years, and then ; 


R "YE 
PpP=4a X aN 5 Rt 
rRn 
Alſo of R, f, n, a, p, any four being gi- 
ven, the fifth may be found. 


Cor. 4. If the annuity is to continue for 
ever, then R'—1 and & my be conſidered 


as the ſame ; and p=ax _— 


Cor. 5. A perpetuity * reverſion (by 
Cor. 3.) ſince R'_ 1 N., is P=F- 


Prob. When 12 years of a leaſe of 21 
were expired, a renewal for the fame term 
was granted for 1000 1.; 8 years are now 
expired, and for what fn muſt a corre- 
ſponding renewal be made, reckoning 5 per 
cent. compound intereſt ? 

From the firſt tranſaQtion the yearly pro- 
fit rent muſt be deduced ; and from this the 
proper fine in the ſecond may be computed. 


In 
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In the firſt bargain, an annuity in rever- 
ſion for 12 years, to commence 9 years 
hence, was ſold for 1000 l. the annuity will 


therefore be found by Cor. 3. in which all 
r Rn 


the quantities are given, but a= pX 


and by inſerting numbers, viz. p=1000, 
t=12, ngo, r. O5, and R=1.05 ; and work- 


ing by logarithms a=175.029=1751l.—7d. 


Next, having found a, the ſecond renew- 
al is made by finding the preſent worth of 
the annuity à in reverſion, to commence 13 
years hence, and to laſt 8 years. In the ca- 
non (Cor. 3.) inſert for a, 175.029 and let 
t=8, n=13, and 7=.05 as before. p= 99.93 
=$991. 18s. 6 d. 2. The fine required. 

As thele computations often become 
troubleſome, and are of frequent uſe, all the 
common cales are calculated in tables, from 
which the value of any annuity, for any 
time, at any intereſt, may eaſily be found. 

It is to be oblerved alſo, that the prece- 
ding rules are computed on the ſuppoſition 
of the annuities being paid yearly ; and 


therefore, if they be ſuppoled to be paid 
| half 


6 


half yearly, or quarterly, the concluſions will 
be ſomewhat different, but they may eaſi- 
ly be calculated on the preceding principles. 

The calculations of life annuities, depend 
partly upon the principles now explained, 
and partly on phyſical principles, from the 
probable duration of human life, as dedu- 
ced from bills of mortality. 
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Of the general properties and reſolution of 
EQUATIONS of all Orders. 
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Of the Origin and Compoſition of Equations; 
and of the Signs and Coefficients of their 
Terms. 5 


N order to reſolve the higher orders of 
equations, and to inveſtigate their ge- 
neral affections, it is proper firſt to conſider 
their origin from the eombination of infe- 
rior equations. 
As it would be impoſſible to exhibit par- 
ticular rules for the ſolution of every order 


of 
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of equations, their number 148 idealen 
there is a neceſſity of deducing rules from 
their general properties, which may be e- 
quay applicable to all. 

In the application of algebra to certain 
ſubjects, and eſpecially to geometry, there 
may be an oppoſition in the quantities, a- 
nalogous to that of addition and ſubtraction, 
which may therefore be expreſſed by the 
ſigns + and —. Hence theſe ſigns may 
be underſtood by abſtraction, to denote con- 
trariety in general ; and therefore, in this 
method of treating of equations, negative 
roots are admitted as well as poſitive. In 
many caſes the negative will have a proper 
and determinate meaning ; and when the 
equation relates to magnitude only, where 
contrariety cannot be ſuppoſed to exiſt, 
theſe roots are neglected, as in the caſe of 
quadratic equations formerly explained. 
There is beſides this advantage in admitting 
negative roots, that both the properties of e- 
quations from which their reſolution is ob- 
tained, and alſo thoſe which are uſeful in 
the many extenſive applications of algebra, 

become 
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become more ſimple and general, and are 
more eaſily deduced. 

In this general method, all the terms of 
any equation are brought to one ſide, and 
the equation is expreſſed by making them 
equal to o. Therefore, if a root of the e- 
quation be inſerted inſtead of (x) the un- 
known quantity, the poſitive terms will be 
equal to the negative, and the whole muſt 
be equal to o. 

DEF. When any equation is put into 
this form, the term in which (x) the un- 
known quantity, is of the higheſt power, is 
called the Firſt ; that in which the index of 
x is leſs by 1, is the Second, and ſo on, till the 
laſt into which the unknown quantity does 
not enter, and which is called the Ab/olute 
Term, 

Prop. I. If any number of equations be 
multiplied together, an equation will be pro- 
duced, of which the dimenſion * is equal to 

the 

The term dimenſion, in this treatiſe, is uſed in 
ſenſes ſomewhat different, but ſo as not to create any 
ambiguity. In this chapter it means either the order 
of an equation, or the number denoting that order, 
which was formerly defined to be the higheſt expo- 


nent of the unknown quantity in any term of the e- 
quation. 
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me ſum of the dimenſions of the equations 
multiplied. 

If any number of ſimple equations be 
multiplied together, as x—a=0, x—b=0, 
& c g, &c. it is obvious, that the product 
will be an equation of a dimenſion, contain- 
ing as many units as there are ſimple equa- 
tions. In like manner, if higher equations 
are multiplied together, as a cubic and a 
quadratic, one of the fifth order is produ- : 
ced, and ſo on. | 


Converſely. An equation of any dimen- 
ſion is conſidered as compounded either of 
ſimple equations, or of others, ſuch that the 
ſum of their dimenſions is equal to the di- 
menſion of the given one. By the reſolution 
of equations theſe inferior equations are diſ- 
covered, and by inveſtigating the compo- 
nent ſimple equations, the roots of any 
higher equation are found. 


Cor. 1. Any equation admits of as many 
ſolutions, or has as many roots, as there are 
ſimple equations which compoſe it, that is, 


as there are units in the dimenſion of it. 
| Cor: 
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Cor. 2. And converſely, .no equation can 


have more roots than the units in its di- 
menſion. 


Cor. 3. Imaginary or impoſſible roots 


muſt enter an equation by pairs; for they a- 
riſe from quadratics, in which both the roots 
are ſuch. | 

Hence alſo, an equation of an even di- 
menſion may have all its roots, or any e- 
ven number of them impoſſible, but an e- 
quation of an odd dimenſion muſt at leaſt 
have one poſſible root. 


Cor. 4. The roots are either poſitive or 
negative, according as the roots of the ſim- 
ple equations, from which they are produ- 
ced, are poſitive or negative. 


Cor. 5. When one root of an equation is 


diſcovered, one of the ſimple equations is 


found, from which the given one is com- 
pounded. The given equation, therefore, 
being divided by this ſimple equation, will 
give an equation of a dimenſion lower by I. 
Thus, any equation may be depreſſed as 
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many degrees as there are roots found by 
any method whatever. 

Prop. II. To explain the general proper- 
ties of the ſigns and coefficients of the terms 
of an equation. * 

Let x — ago, x—b=0, x- c o, x—d 
So, &c. be ſimple equations, of which the 
roots are auy poſitive quantities +a, +6, 
+c, +4, &c. and let ＋m o, x +n=0, &c. 
be ſimple equations. of which the roots are 

any negative quantities -, — n, &c. and 
let any number of theſe equations be mul- 
tiplied together, as in the following table. 


— 
X x—b=0 
ex. 
. 3 2 Quadratic. 
xx co 
—f * +1} Xx—abc=o, a Cubic. 
— +6c | 
XX ro 
* —4 +ab —abc 
a+ + 7c | Tab, 5 
— > xx* Xx x—abcm=0, a Bi- 
Fe 0 5 1 f ** 4 (quadratic, 
—bm 
—md 
& c. 


From 


From this table it is plain, 


1. That in a complete equation the num- 
ber of terms is always greater by unit than 
the dimenſion of the equation. 


2. The coefficient of the firſt term is 1. 

The coefficient of the ſecond term is the 
ſum of all the roots (a, ö, c, m, &c.) with 
their ſigns changed. 

The coefficient of the third term is the Fa 
of all the products that can be made by 
multiplying any two of the roots together: 


The coefficient of the fourth term is the 


ſum of all the products which can be made 
by multiplying together any three of the 


roots with their ſigns changed; and fo of 


others. 


The laſt term is the product of all the 


roots, with their ſigns changed. 


3. From induction it appears; that in any 
equation (the terms being regularly arran- 
ged as in the preceding example) there 
are as many poſitive roots as there are 
ehanges in the ſigns of the terms from + 

A a to 
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to—, and from — to ＋; and the remain- 
ing roots are negative. The rule alſo may 
be demonſtrated. 1 
Note. The impoſſible roots in this rule 
are ſuppoſed to be either poſitive or nega- 
tive. 

In this example of a numeral equation 

x*—10x*+35x*—50x4+24=0, the roots 
are, +1, +2, ＋3, ＋4, and the preceed- 
ing obſervations with regard to the ſigns 
and coefficients take place. 
Cor. If a term of an equation is wanting, 
the poſitive and negative parts of its coeffi- 
cient muſt then be equal. If there is no 
abſolute term, then ſome 'of the roots muſt 
be So, and the equation may be depreſſed 
by dividing all the terms by the lowelt 
power of the unknown quantity in any of 
them. In this cafe alſo, x -O =o, x—o =o, 
&c. may be conſidered as ſo many of the 
component ſimple equations, by which the 
given equation being divided, it will be de- 
preſſed ſo many degrees. 


CHAP. 


G Ae . By 
Of the Transformation | of Equations. 


"THERE are certain transformations of 

equations neceſſary towards their ſo- 
lution ; and the moſt uſeful are contained in 
the following propoſitions. 


Prop. I. The affirmative roots of an e- 
quation become negative, and the negative 
become affirmative, by changing the ſigns 
of the alternate terms, beginning with the 
ſecond, 


Thus the roots of the equation K -& 
198% +49x—30=0 are +l, +2, +3 —$» 
whereas the roots of the equation, x*þx3— 
I9x*— 49 — 30 Sg, are 1, —2,—3, +5. 

The 
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The reaſon of this is derived from the 
compoſition of the coefficients of theſe 
terms, which conſiſt of combinations of odd 
nuinbers of the roots, as explained in the 
preceding chapter. | 


Prop. II. An equation may be tranſ- 
formed into another that ſhall have its roots 

greater or leſs than the roots of the given 

equation by ſome given difference. 


Let x be the unknown quantity of the 
equation, and e the given difference; let 
xe, then x ge; and if for x and 
its powers in the given equation, ye and 
its powers be inſerted, a new equation 
will ariſe, in which the unknown quantity 
is , and its value will be xe; that is, its 
roots will differ from the roots of the given 
equation by e. ee 


Let the equation propoſed be xi—px*4 
gx—r =0, of which the roots muſt be di- 
miniſhed by e. By inſerting for x and its 
powers, Y ＋e and its powers, the equation 
required 1s, 5.) 

, 
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T +39 +6 > 
ape pe“ "=0, 
1 e 
, — 7 


Cor. 1. From this transformation, the 
ſecond, or any other intermediate term, may 
be taken away; granting the reſolution of 
equations, | 

Since the coefficients of all the terms of 
the transformed equation, except the firſt, 
involve the powers of e and known quanti- 
ties only, by putting the coefficient of any 
term equal to o, and reſolving that equa- 
tion, a value of e may be determined; which 
being ſubſtituted, will make that term to 
vaniſh. 

Thus, in this example, to take away the 
ſecond term, let its coefficient, 3e—p=0, and 
e which being ſubſtituted for e, the new 
equation will want the ſecond term. And 
univerſally, the coefficient of the firſt term 
of a cubic equation being 1, and x being 
the unknown quantity, the ſecond term may 
be taken away by ſuppoſing x=y=-3p,==p 
being the coefficient of that term. 

| Cor. 
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Cor. 2. The ſecond term may be taken 
away by the ſolution of a ſimple equation, 
the third by the ſolution of a quadratic, and 
ſo on. 


Cor. 3. If the ſecond term of a quadratic 
equation be taken away, it will become a 
pure equation, and thus a ſolution of qua- 
dratics will be obtained, which coincides with 
the ſolution already given in Part. I, 


. Cor. +4 The laſt term of the — 


ed equation is the ſame with the given e- 
quation, only having e in place of x. 


Prop. III. In like manner may an equa- 
tion be transformed into another, of which 
the roots ſhall be equal to the roots of the 
given equation, multiplied or divided by a 
given quantity. 


Let x be the unknown letter in the gi- 
ven equation, and y that of the equation 
wanted; alſo let e be the given quantity. 

To multiply the roots let xe=y, and 
J 


R 0 


E 
To divide the roots let =), and x=Jc. 
| Then 
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Then ſubſtitute for x and its powers, Sor 


je and its powers, and the new equation of 


which y is the unknown Amen will have 
the Pony required. 

Cor. I. By this propoſition an equation, 
in which the coefficient of the firſt term is 
any known quantity, as a, may be trans- 
formed into another, in which the coeffi- 


cient of the firſt term ſhall be unit. Thus, 
let the equation be e EG. 


Suppoſe Ser, 1 ko and for * and 


its powers inſert E and its powers, and the 


equation . o, or z* 


- . -r o. Alto, let the equation 
be 5x*—6x*+7x—30=0; and if *, 
then y*—063* 3-7 e. 

Cor. 2. If the two transformations in 
Prop. 2. and 3. be both required, they may 


be performed either ſeparately or together. 
Thus, if it is required to transform the 


equation ax; —px* + gx — 7 =o into one 


which ſhall want the ſecond term, and in 


which the coefficient of the firſt term ſhall 
| be 
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be'r ; let xt 2, and then 9*=py*+9ap= 
arg as before; then let y=2z+3p, and 
the new equation, of which 2 is the un- 


known quantity, will want the ſecond term, 
and the coefficient of 25, the higheſt term is 


1. On if = . „the ſame equation 


as the laſt found, will ariſe from one ope- 
ration. 


o Let the equation be 5x%—bx*+7x— 
30 S. If x= 75 then 9— 67 + 3559— 
750=0. Andif y=2+2, 2*+23z—696=0. 


Z+2 


properly reduced, by bringing all the terms 
to a common denominator, and then caſt- 
ing it off, will be 2*+2 3z—0696=0, as before. 


Cor. 3. If there are fractions in an equa- 
tion, they may be taken away, by multi- 
plying the equation by the denominators, 
and by this Prop. the equation may then be 
transformed into another, without fractions, 
in which the coefficient of the firſt term is 
1. In like manner, may a ſurd coefficient 
be taken away in certain caſes. 


1099 4 Cor -. 


1 
Cor. 4. Hence alſo, if che coefficient of 


the ſecond term of a cubic equation is not 


diviſible by 3, the fractions thence ariſing - 


in the transformed equation, wanting the 
ſecond term, may be taken away by the 
preceding corollary. Butthe ſecond term al- 
ſo may be taken away, ſo that there ſhall 
be no ſuch fractions in the Nees e- 


quation, by ſuppoſing x = — Ep be- 
ing the coefficient of the ſecond term of the 
given equation. And, if the equation ax? 
—px*+qx—r=0 be given, in which p is not 


25 


diviſible by 3, by ſuppoſing x= , the 


transformed equation reduced is 2.— 


3Þ*+9aqg X Zz—2p*+9apg—2747=0 ; wants 
ing the ſecond term, having 1 for the coef- 
ficient of the firſt term, and the coefficients 
of the other terms being all integers, the 
coefficients of the given equation being alſo 
ſuppoſed integers. 


General Corollary to Prop. I. II. III. 


If the roots of any of theſe transformed equa- 
tions be found by any method, the roots of the 
B b original 
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original equation, from which they were 
derived, will eaſily be found from the ſim- 
ple equations expreſſing their relation. 
Thus, it 8 is found to be a root of the 
transformed equation 2.232 - 690 0 (Cor. 
2. prop. 3.) Since * the correſpond- 


ing root of the given equation &x 


7x—30=omuſt be _ =2. It is to be obſer- 


ved alſo, that the reaſoning in Prop. 2. and 3. 
and the corollaries, may be extended to any 
order of equations, though in them it is ap- 
plied chiefly to cubics. 


C H A P. 
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e HA P II 
Of the Reſolution of Equations. 


ROM the preceding principles and 
operations, rules may be derived for re- 


ſolving equations of all orders. 


I. CaRDAN's Rule for Cubic Equations. 


The ſecond term of a cubic equation be- 
ing taken away, and the coefficient of the 
firſt term being made 1, by Cor. 1. Prop, 
2. and Cor. 1. Prop. 3. Chap. II.) it may be 
generally repreſented by & + + 39x +2r= 
© ; the ſign +in all terms denoting the ad- 
dition of them, with their proper ſigns, 
Let x m + n, and alſo mn = -; by the 
ſubſtitution of theſe values, an equation of 
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the 6th order, but of the quadratic form, is 
deduced, which gives the values of and 


n, and hence; 


(be a ff e N 
7 
or x="/—r+\/n4q* r 


Cor. 1. In the given equation, if 32 is 
negative, and if 7* is leſs than 95, this ex- 
preſſion of the root involves impoſlible 
roots ; while, at the ſame time, all the roots 
of that equation are poſſible. The reaſon 
is, that, in this method of ſolution, it is ne- 
. cefſary to ſuppoſe that x the root, may be 
divided into two parts, of which. the pro- 
duct is 9. But it is eaſy to ſhew, that, in 
this, which is called the irreducible caſe, it 
cannot be done. 

For example, the equation (Ex. 3. Sect. 
3. of this chapter), x*—1 56x + 560=0, be- 
longs to the irreducible cafe, and the three 
roots are + 4, +10, — 14, and it is plain 
that none of theſe roots can be divided into 
two parts (mand u), of 2 the product 


can be equal to (=q= 1 =52; for the 
| greateſt 
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greateſt product from the diviſion of the 
greateſt root — 14, is —7 X —7 =49, leſs 
than 52. 

If the cube root of the compound ſurd 
can be extracted, the impoſſible parts ba- 
lance each other, and the true root is ob- 
tained. 

The geometrical problem of the triſection 
of an arch is reſolved algebraically, by a 
cubic equation of. this form ; and hence the 
foundation of the rule for reſolving an e- 
quation belonging to this caſe, by a table of 
lines. | 


Cor. 2. Biquadratic equations may be re- 
duced to cubics, and may therefore be re- 
ſolved by this rule. 

Some other claſſes of equations too, 
may be relolved by particular rules ; but 
theſe, and every other order of equations, 
are commonly refolved by the general 
rules, which may be equally applied to 
all, 


II, 
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II. Solution of Equations, whoſe Roots are 
commenſurate, 


r 


All the terms of the equation being brought 
to one ſide, find all the diuiſors of the ab- 
ſolute term, and fub/litute them ſucceſſruely 
in the equation for the unknown quantity. 
That diviſor which ſubſtituted in this 
manner gives the reſult =o, ſhall be a root 
of the equation. 


Ex. e ee 88 
—bx* +3abx © parks 
The ſimple literal diviſors of — 2a*6, are 
a, B, aa, 2b, any of which may be inſerted 
for x. Suppoling x = +a, the equation be- 
comes 
a) — 30 +24* —24*b 
—ba*+34b 
Fx. 2. x -2& 33x +90 =0. 
The diviſors of go are 1, 2, 3, 5, 6, 9, 
10, 15, 18, 30, 45, 90. 
The firſt of theſe diviſors, which being 


inſerted for x, will make the reſult =o, is 
+353 


5 which is obviouſly o. 
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+33 +5 is another, and it is plain the laſt 
root muſt be negative, and it is—6. 

When 3 is diſcovered to be a root, the 

given equation may be divided by x— 3 =o, 
and the reſult will be a quadratic, wh:ch be- 
ing reſolved-will give the other two roots, 
+5 and —6. 
Ihe reaſon of the rule appears from the 
property of the abſolute term formerly de- 
fined, viz. that it is the product of all the 
roots. 

To avoid the inconvenience of trying 
many diviſors, this — is ſhortened by 
the following 


N 


Subſtitute in place of the unknown quantity 
fucceſſevely three or more terms of the pro- 
greſhon, 1, 0,—1, Oc. and find all the 
diviſors of the ſums that reſult ; then take 
out all the arithmetical progreſſions that 
can be found among theſe diviſors whoſe 
common difference is 1, and the values of x 

will 
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will be among thoſe terms of the progreſ- 
font which are the divꝛſors of the rejult 
ariſing from the ſubſtitution of x. When 
the ſeries mcreaſes, the roots will be poſi- 
true ; and when it decreaſes, the roots 
will be negative. 


EX AMF L E. 


Let it be required to find a root of the e- 
quation x 10x+6 g. 


The operation is thus: 


Reſult. | Diviſors | 2 r. pro. 
4 


Suppoſit. 

21 „ — 4, 2,4 

=O x*—x*—10x+6= 4+ 6 I, 2, 3, 6, 
X=—1 -,'- - +1411, 2, 7, 1402 


3 


In this example there is only one pro- 
greſſion, 4, 3, 2, and therefore 3 is a root, 
and it is—3, ſince the ſeries decreaſes. 


I: ĩs evident from the rules for transform- 
ing equations (Chap. 2.) that by inſerting 
for x, 1 (e) the reſult is the abſolute 


term of an equation of which the roots are 
jeſs 


( 


leſs than the roots of the given equation by 
1 (Se). Cor. 4. Prop. 2. When x=0o the 


reſult 18 the abſolute term of the given e- 
quation. When for x is inſerted —1 
(=—e) the reſult is the abſolute term 
of an equation whoſe roots exceed the 
roots of the given equation by 1 (=e). 
Hence, if the terms of the ſeries 1, o, 
—1,— 2, &c. be inſerted ſucceſſively for 
x, the reſults will be the abſolute terms of 
ſo many equations, of which the roots form 
an increaſing arithmetical feries with the 
difference 1. But, as the commenſurate 
roots of theſe equations muſt be among the 


diviſors of their abſolute terms, hence they 


muſt be among the arithmetical progreſſions 


found by this rule. The roots of the given. 


equation therefore are to be fought for a- 
mong the terms of theſe progreſſions which 
are diviſors of the reſult, upon the ſuppoſi- 
tion of x =o, becaule that reſult is its abſo- 
lute term. 

It is plain that the progreſhons muſt al- 
ways be increaſing, only it is to be obſer- 
ved, that a decreaſing ſeries with the ſign + 
becomes increaſing with the ſign —. Thus, 
in the preceding example, —4, —3, —2, is 
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an increaſing ſeries, of which —3 is to be 
tried, and it ſucceeds, 

If, from the ſubſtitution of res: terms of 
the progreſſion, 1, 0,--1, &c. there ariſe a 
number of arithmetical ſerieſes, by ſubſtitu- 
ting more terms of that progreſſion, ſome of 
the ſerieſes will break off, and, of courſe, 
fewer trials will be neceſſary. 


III. Examples of Dreftions producing the 
higher Equations. 


E Þ 


F/ is required to divide 16 J. bend two. 
perſons, ſo that the cube of the one's ſhare 
may exceed the cube of the other*s by 386, 


Let the greater ſhare be x pounds, 
And the leſs will be 16—x; LI 
By the queſtion, x*—16—2*=386 
And by Inv. 2x*—48x*+768x—4096 = 386 
Tranſp. and divide x*—24x*+384x—2241 . 


Suppo/. Reſults. Div1ſors. 

Ifx= 1; - 1880 = 1, 2, 4, 5, 8, 10, 20, 
x= 0; - 2241 = 1, 3, 9, 27, oh. 
XZ]; — 2650 1, 2, 5, IO, 25, 53, 

Where 
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Where 8, 9, 10, differ by 1; therefore 
+9 is to be tried; and being inſerted for x, 
the equation is =o. The two ſhares then 
are 9 and 7 which ſucceed, Since xy; 
X—9=0, is one of the {imple equations from 


which this cubic is n therefore 

x3—243*+334x—2241 — 
x—9 

the two roots of this * are impoſ- 

ſible. 


— 5x+24980, + And 


r 


What two numbers are thoſe, whoſe product 
multiplied by the greater will produce 


405, ond their difference unde Ot by the 
leſs 20 ? 


Let the greater number be x, and the leſs 


Jo | . 


Then by queſt, Jz 2 }x 15495 
(x = = 
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Therefore = = = x== = 3: YE he 
| | 4 2 
And 2 * — 1 x*=L — 2 
| | : 1 
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This biquadratic reſolved by diviſors, 
gives 7=5: and therefore K. Alſo 


— —ů Y*+ 53*+653—80=0. 

This cubic equation has one poſitive in- 
commenſurate root, viz. 1,114, &c. which 
may be found by the rule in the next ſec- 
tion, and two impoſſible. The incommen- 
ſurate root . 114, &c. gives x = 19,067, 
&c. and theſe two anſwer the conditions 
very nearly. | 


LE. A MPIL1x 0M 


The fum of the ſquares of two numbers 208, 
and the ſum of their cubes 2240 being gi- 
ven, to find them. | 


Let the greater be x +, and the leſs x—y. 

Then Y. =2x2+25* =208 
Hence y*=104—x* 

Alſo z+y/+x—J' = 2x*+6x3*=2240 


Subſtitute for 3 its value and 2x*+624x— 


6x*=2240. 
This 
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This reduced gives & 15656  - 
The roots of this equation are + 10, +44 
—14. If x=10 then y=2, and the num- 
bers ſought are 12 and 8, which give the 
only juſt ſolution, If x=4, then y*=88 and 
vA. The numbers ſought are there- 
fore 471% d and 4—,/838. The laſt is ne- 
gative, but they anſwer the conditions. Laſt- 
ly, if x=—14, then y*=—92, hence 32 
, is impoſſible; but till the two num- 
bers —14+\/—92, —14—\/—92, being 
inſerted, would anſwer the conditions. But 
it has been frequently obſerved, that ſuch 
ſolutions are both uſeleſs, and without 
meaning. 2 


IV. Solution of Equations by Approximation. 


By the former rules, the roots of equa- 
tions when they are commenſurate may be 
obtained: theſe however more rarely occur; 
and when they are incommenſurate, we can 
find only an approximate value of them, 
but to any degree of exactneſs required. 
There are various rules for this purpoſe; 

one 
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one of the moſt ſimple, is that of Sir Iſaac 
Newton, which ſhall now be explained, 


LEMMA. If any two numbers being in- 

ſerted for the unknown quantity (x) in any 
equation, give reſults with oppoſite ſigns, 
an odd number of roots muſt be between 
theſe numbers. 


This appears from the property of the 
abſolute term, and from this obvious maxim, 
that, if a number of quantities be multipli- 
ed together, and if the ſigns of an odd num- 
ber of them be changed, the ſign of the 
product is changed. For, when a poſitive 
quantity is inſerted for x, the reſult is the 
abſolute term of an equation whoſe roots 
are leſs than the roots of the given equa- 
tion by that. quantity. (Prop. =. Cor. 3. 
Chap. 2.) If the reſult has the ſame ſign 
as the given abſolute term, then from the 
property of the abſolute term (Prop. 2. 
Chap. 1.) either none or an even number 
only of the poſitive roots, have had their 
ſigns changed by the transformation ; but 
if the reſult has an oppoſite ſign to that of 

| lt th. the 
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the given abſolute term, the ſigns of an odd 


number of the poſitive roots Muſt have been 
changed. In the firſt caſe, then, the quan- 
tity ſubſtituted muſt have been either greater 
than each of an even number of the poſi- 
tive roots of the given equation, or leſs 
than any of them; in the ſecond caſe, it 
muſt have been greater than each of an odd 
number of the poſitive roots. An odd 
number of the poſitive roots therefore muſt 


lie between them, when they give reſults 


with oppoſite ſigns. he ſame obſervation 


is to be extended to the ſubſtitution of nega- 


tive quantities and the negative roots. 


From this lemma, by means of trials, it 


will not be difficult to find the neareſt inte- 
ger to a root of a given numeral equation. 
This is the firſt ſtep towards the approxi- 
mation; and both the manner of continuing 
it, and the reaſon of the operation, will be 
evident from the following example. 


Let the equation be x*—2x— ro. 


1. Find the neareſt integer to the root; 
in this caſe a root is between 2 and 3, for 


theſe 


— . . AE — — 5 
. ̃ ͤ¹_òͥin.n.n A 1 2 - 
8 » 2 . 2 5 


— — — = & 
+ 
- — 21 4 1 
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theſe numbers being inſerted for x, the one 
gives a poſitive, and the other a negative 
reſult. Either the number above the root, 
or that below it, may be aſſumed as the firſt 
value ; only it will be more convenient to 
take that which appears to be nearelt to the 
root, as will be manifeſt from the nature of 
the operation. um 
2. Suppoſe: x=24Ff, and ſubſtitute this 
value of & in the equation. | 


* 84 127 +6ff +f* 
—=—4 — 27 


— 2 —9 


AKI 17 bf* +f *=0. 

As / is leſs than unit, its powers f* and 
J may be neglected in this firſt approxi- 
mation, and 10 =1,or f=0.1 nearly, there- 
fore x=2.1 nearly. 


3. As F =0.1, neatly, let =. 1 4g, and in- 
ſert this value of f in the preceding equation. 


= 0.0014 0.038 + 0.3 g +2 
= 0.06 + 1.29 +6.8* 


Paofiziof—s = 0,001+1 1.238 + 6.3 25 +£3-0 
and 
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and neglecting 2* and g* as very ſmall o. 61 


206 
+ 11.238 = o, or g = 2227 = —.00g4s 


hence = o. 14g =. 0946 nearly. and x= 
2.0946 nearly. 


4. This operation may be continued to 
any length, as by ſuppoſing g=—.o0c 54 +h 
and ſo on, and the value ot x =2:094551 47 
nearly. 

By the firſt operation a nearer value of x 
may be found thus; ſince f=.1 Ru and 


— 1+19f46/*+/*=0, 


2 N „ that is, 2 =. Cr · 94 
true to the laſt figure, and x= 2,094. 
Intheſame manner may the root of a pure 
equation be found, and this gives an eaſy 
method of approximating to the roots of 
numbers which are not perfect powers. 
This rule is applicable to numeral equa- 
tions of every order, and, by aſſuming a 


general equation, general rules may be de- 
duced for approximating to the roots of a- 


ny propoſed equation. By a ſimilar me- 
thod we may approximate to the roots of 
literal equations, which will be expreſſed 
by infinite ſeries. 
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Of the Application of Algebra to Geometry. 


N I. 


General Principles. 


EO MET R treats both of the 
magnitude and poſition of exten- 

ſion, and their connections. ct 
Algebra treats only of magnitude. There- 
fore, of the relations which ſubſiſt in geo- 
metrical figures, thoſe of magnitude only 
can be immediately expreſſed by algebra. 
| The 


( 1 


The oppoſite poſitions of ſtraight lines 
may indeed be expreſſed ſimply by the 
ſigns + and —. But, in order to expreſs 
the various other poſitions of geometrical 
ßgures by algebra, from the principles of 
geometry, ſome relations of magnitude 
muſt be found, which depend upon theſe 
poſitions, and which can be exhibited by 
equations: And converſely, by the ſame 
principles way the poſitions of figures be 


inferred. from the equations denoting ſuch, 
rclations of their parts, 

Though this application of algebra ap- 
pears to be indirect, yet ſuch is the ſimpli- 
city of the operations, and the general na- 
ture of its theorems, that inveſtigations, e- 
ſpecially in the higher parts of geometry, 
are generally eaſier and more expeditious 
by the algebraical method, though leſs ele- 
gant than by what is purely geometrical. 
The connections alſo, and analogies of the 
two ſciences eſtabliſhed by this application, 
have given riſe to many curious ſpecula- 
tions ; geometry has been rendered far 
more extenſive and uſeful, and algebra it- 
ſelf has received conſiderable i improvements. 


I. Of 


1 


Of the Algebraical Expreſſion of Geometri- 
cal Magmtudes. ot 2 


A line, whether known or unknown, is 
repreſented by a ſingle letter; a rectangle 
is properly expreſſed by the product of the 
two letters repreſenting its ſides; and a 
retanzular parallelopiped by the product of 
three letters, two of which repreſent the ſides 
of any of its rectangular baſes, and the 
third the altitude. 

Theſe are the moſt ſimple expreſſions of 
geometrical magnitudes, and any other 
which has a known proportion to theſe, 
may, in like manner, be expreſſed algebrai- 
cally. Converſely, the geometrical mag- 
nitudes, repreſented by ſuch algebraical 
quantities, may be found, only the algebrai- 
cal dimenſions above the third, not having 
any correſponding geometrical dimenſions, 
muſt be expreſſed by proportionals “. | 

| e 

* All algebraical dimenſions above the third, muſt be 
expreſſed by inferior geometrical dimenſions ; and, tho” 
any algebraical quantities, of two and three dimenfions, 
may be immediately expreſſed by ſurfaces and ſolids re- 


ſpeQively, yet it is generally neceſſary to expreſs them, 
and all ſuperior dimenſions, by lines. 


It 
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The oppoſite poſition of ftraight lines, it 
has been remarked, may be expreſſed by 
the ſigns ＋ and —. 


Thus, 


If, in any geometrical inveſtigation by algebra, each 
line is expreſſed by a ſingle letter, and each ſurface or 
ſolid by an algebraical quantity of two or three dimen - 
ſions reſpectively, then whatever legitimate operations 
are performed with regard to them, the terms in any equa- 
tion derived will, when properly reduced, be all of the 
ſame dimenſion; and any ſuch equation may be eaſily 
expreſſed geometrically by means of proportionals, as in 
the following example. | 

Thus, if the algebraical equation a*+b+=c4*—44, is 
to be expreſſed geometrically, a, l, e, and d, being ſuppo- 
ſed to repreſent ſtraight lines; let a: b:e:/:g, in conti- 
nued proportion, then 44:4: : 4: · and at: a*+6b* ::a:g 
+2; then let 4 ::: l, and a: c: : 4: J; alſo, let c: 
d:m:n:þ, and c“: 44: ::, or 4: c —- 4 :; c: of. 
By combining the two former proportions (Chap. 2, 
Part 1.) c: a+ +64 : :/: ag, and combining the latter 
with this laſt found, c4—44 ; 44 +6+ ; D 7 K 


therefore px CA s and c: 16: ag. 

If any known line is aſſumed as 1, as its powers do 
not appear, the terms of an equation, including any of 
them, may be of very different dimenſions ; and before it 
can be properly expreſſed by geometrical magnitudes, 
the deficient dimenſions muſt be ſupplied by powers 
of the 1, When an equation has been derived from ge- 
ometrical relations, the line denoting 1 is known; and 
when an aſſumed equation is to be expreſſed by the rela- 
tions of geometrical magnitudes, the 1 is to be aſſumed. 

In 
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Thus, let a point A be given in the line 


Do Rr 
AP, any ſegment AP taken to the right 
hand, being conſidered as poſitive, a ſeg- 
ment Ap to the left is properly repreſented 


by a negative quantity. It a and 6 repre- 
ſent two lines; and if, upon the line AB 


from the point A, AP be taken towards the 
right equal to a, it may be exprefled by + 
a; then PM taken to the lett and equal to 

b, will be properly repreſented by b, for 
AM is equal to a—b: It a=b, then M 
will fall upon A, and a—b=9: By the 
ſame notation, if 5h is greater than a, M 
will fall to the left of A; and in this caſe, 
if 24 b, and if Pp be taken equal to by 
then (a—b=) —a will repreſent Ap, which 
is equal to a, and fituated to the left of A. 

This uſe of the ſigns, however, in particu- 


lar 


In this manner may any ſingle power be expreſſed by a 
line. If it is x?, then to 1, x find four quantities in con- 
tinued proportion, ſo that 1: *:: ::, then 1 :9:: 
15; x3, or ga, and ſo of others. 
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lar caſes, may be precluded, or in ſome 
meaſure reſtrained, _ 

The poſitions of geomettical figures are 
ſo various,. that it is impoſſible to give ge- 
neral rules for. the algebraical expreſſion of 
them. The following are a few examples. 


An angle is exprefſed by the ratio of its 
fine to the radius; a right angle in a tri- 
angle, by putting the ſquares of the two 
fides equal to the ſquare of the hypothenuſe; 
the poſition of points is aſcertained by the 
perpendiculars from them on lines given in 
poſition; the poſition of lines by the angles 
which they make with given lines, or by 
the perpendiculars on them from given 
points: The ſimilarity of triangles by the 
proportionality of ny lides which 55 
an equation, &c. 


Theſe Fel denen prineiples 
muſt be employed both in the demonſtra- 
tion of theorems, and in the ſolution of 
problems. The geometrical propoſition 
muſt firſt be expreiicd in the algebraical 

manner, 


( 217 ) | 
manner, and the reſult after the operation 
muſt be expreſſed geometrically. | 


II. The Demonſtration of Theorems. 


All propoſitions in which the proportions 
of magnitudes only are employed, alſo all 
propoſitions expreſſing the relations of the 
ſegments of a ſtraight line, of their ſquares, 
rectangles, cubes, and parallelepipeds, are 
demonſtrated algebraically with great eaſe : 
Such demonſtrations, indeed, may in gene- 
ral be conſidered as an abridged notation of 
what are purely geometrical. 

This is particularly the caſe in thoſe pro- 
poſitions, which may be geometrically de- 
duced without any conſtruction of the 
ſquares, rectangles, &c. to which they refer. 
From the Firſt propoſition of the ſecond 
Book of Euclid, the nine following may be 
eaſily derived in this manner, and they may 
be conſidered as proper examples of this 
moſt obvious application o algebra to geo- 
metry. FE NO Gy 

If certain poſitions are either ſuppoſed or 
to be inferred in a theorem, we muſt. find, 

Ee according 
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according to the preceding obſervations, 
the connection between theſe poſitions and 
ſuch relations of magnitude as can be ex- 
preſſed and reaſoned upon by algebra. The 
algebraical demonſtrations of the 12th and 
13th propoſitions of the 2d Book of Euclid, 
require only the 47th of the I. El, The 
35th and 36th of the 3d. Book require on- 
ly the 3. III. El. and 47. I. EL, 
From few ſimple geometrical principles 
alone, a number of concluſions, with re- 
gard to figures, may be deduced by alge- 
bra; and to this in a great meaſure is ow- 
ing the extenſive uſe of this ſcience in geo- 
metry, If other more remote geometrical 
principles are occaſionally introduced, the 
algebraical calculations may be much abrid- 
ged. The ſame is to be obſerved in the ſo- 
Jution of problems ; but ſuch in general are 
leſs obvious, and more properly belong to 
the ſtrict geometrical method. 


III. Of the Solution of Problems. 


Upon the ſame principles are geometri- 
cal problems to be reſolved. The problem 
21 | is 
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is ſuppoſed to be conſtructed, and proper 


algebraical notations of the known and un- 


known magnitudes are to be ſought for, by 


means of which their connections may be 
expreſſed by equations. It may firſt be 
remarked, as was done in the caſe of theo- 
rems, that in thoſe problems which relate 
to the diviſions of a line, and the propor- 
tions of its parts, the expreſſion of the 
quantities, and the ſtating their relations by 
equations, are ſo ealy as not to require any 
particular directions. But, when various 
poſitions of geometrical figures, and their 
properties are introduced, the ſolution re- 
quires more attention and ſkill, No gene- 
ral rules can be given on this ſubject, but 
the following obſervations may be of uſe, 


1. The conſtruction of the problem being 
ſuppoſed, it is often farther neceſſary to pro- 
duce ſome of the lines till they meet ; to 
draw new lines joining remarkable points 3 
to draw lines from ſuch points perpendicu- 
lar or parallel to other lines, and ſuch other 
operations as ſeem conducive to the fiuding 
of equations; and for this purpole, thoſe 


eſpecially 
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eſpecially are to be employed, which divide 
the ſcheme into triangles that are given, 
right angled or ſimilar. 


2. It is often convenient to denote by 
letters, not the quantities particularly ſought. 
but ſome others from which they can eaſily 
be deduced. The ſame may be obſerved of 
given quantities. | 


3. The proper notation being made, the 
neceſſary equations are to be derived by the 
uſe of the moſt ſimple geometrical princi- 
ples, ſuch as the addition and ſubtraction of 
lines or of ſquares, the proportionality of 
lines, particularly of the ſides of ſimilar 
triangles, &c. 


4. There muſt be as many independent 
equations as there are unknown quantities 
aſſumed in the inveſtigation, and from theſe 


a final equation may be inferred by the 
rules of PART I. , 


If the final equation from the problem 
be reſolved, the roots may often be exhibi- 
ted 
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ted geometrically; but the geometrical con- 
ſtruction of problems may be effected alſo, 
without reſolving the equation, and even 
without deducing a final equation, by the 


methods afterwards to be explained. 


If the final equation is ſimple or quadra- 
tic, the roots being obtained by the com- 
mon rules, may be geometrically exhibited 
be the finding of proportionals, and the ad- 
dition or ſubtraction of ſquares. 


By inſerting numbers for the known 
quantities, a numeral expreſſion of the quan- 
tities ſought will be obtained by reſolving 
the equation, But in order to determine 
ſome particulars of the problem, beſides 
finding the unknown quantities of the e- 
quation, it may be farther neceſſary to make 
a ſimple conſtruction ; or, if it is required 
that every thing be expreſſed in numbers, 
to ſubſtitute a new calculation in i place of 
that conſtruction. 


PROP. 
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P R O P. I. 


To divide a given flraight line AB into two 
parts, ſo that the reftangle contained by 
the whole line, and one of the parts, may 
be equal to the ſquare of the other part. 

This is prop. 1 1th II. B. of Eucl. 


A— _ OP Ma 
— 
* 


'» e i B 


Let C be the point of diviſion, and let 
AB a, AC rx, and then CB =a—x. From 
the problem a*—ax=x? ; and this $1 0 | 
being reſolved (Chap. V. F. II. ) gives x = 


a*+a*__ 2 
48> 


The quantity * , is the .bypothe- 


** of a right angled mo of which the 
two ſides are a, and - =» and is therefore 


eaſily found 12 being taken from this line, 


gives X = AC, which 1s the proper ſolution. 


But if a line AC be taken on. the oppoſite 
ſide 
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fide of A, and equal to the above mention- 
ed hypothenuſe, together with 75 it will | 


repreſent the negative root —/FFe_- 1 
4 P 
will give another folutionz for in this caſe alſo 
AB x Be=Ac*, But e is without the line AB, 
and therefore it it is not conſidered as making a 
diviſion of AB, this negative root is rejected. 
This ſolution coincides with what is 


given by Euciid. For er is equal 


(ſee the fig. of Props 11th I B. Eucl. 
Simſon's edit.) to EB or EF, and there- 


fore x 4 "EA =AF=AH; 1 
4 2 | 

and the point H correſponds to Ci in the pre- 

ceding figure. 


Beſides, if on (EF+EA =) CE (inſtead of 
 EF—EA FA) a ſquare be deſcribed on the 


oppoſite {ide of CF from AG, BA produced 
will meet a fide of it in a point, which if it 
be called K, will give KBxBA=KA*. 
K correſponds to c, and this ſolution will 

correſpond with the algebraical ſolution, by 

means of the negative root. 

If CB had been called x, and AC=a—x, 
the equation wound be ax =a*—2ax+x*, 
which 
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which gives x= . in which both 


roots are poſitive, and the ſolutions derived 
from them coincide with the preceding. 
If the ſolution be confined to a point within 
the line, then one of theſe poſitive roots 
muſt be rejected, for one of the roots of the 


compound ſquare from which it is derived, 


*, a negative quantity, which in this 


ſtrict hypotheſis, is not admitted. In ſuch 
'a problem, however, both conſtructions are 
generally received, and conſidered even as 
neceſſary to a complete ſolution of it. 

If a ſolution in numbers be required, let 
AB 10, then x==\/125—5. It is plain, 
whatever be the value of AB, the roots of 
this equation are incommenſurate, though 
they may be found, by approximation, to any 
degree of exactneſs required. In this caſe x= 
+ 11.1803—5, nearly, that is AC=6.1803 


nearly; and Ac=16.1803 nearly. 


PR OB. 
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n 
In a given Triangle ABC to iferite a Square. 


Suppoſe it to be done, and let it be 
EFHG ; from A let AD be perpendicular 
on the baſe BC, meeting EF in K. 


Let BC=a, and | 4 N 
AD=p, both of 
which are given 
becauſe the tri= E, 
angle is given: Let 
AK be aſſumed as 
theunknown quan. 
tity, becaule from | 
it the ſquare can 
eaſily . eee wn nay 
ted, and let it be called x : Then (KD=EG 
=) EF Px. 

On account of the parallels EF, "BC, 
AD:BC:: AK: EF; that is, p: a:: &: Px, 
and p*—px =ax, which equation being re- 


p* 
Pra 


Therefore x or AK is a third proportion= 
al to pa, and p, and may be found by 11. 
of Ft ons , 


ſolved, gives x = 
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VI. El. The point K being found, the 
conſtruction of the ſqoare.. is ſufficiently ob- 
vious, 


Nen 


In the right-angled Triangle ABC, the Baſe 
BC and the Sum of the Perpendicular and 
Sides BA+AC+AD being given, to o find 
the Triangle, 


Such parts of 
this triangle are to 
be found as are 
neceſſary for de- 
ſcribing it: The/ _ 
perpendicular ADE 2 
will be ſufficient for this 8 and let 


it be called x: Let AB+AC+AD=a, 
BC, therefore BA+AC=a—x; Let BA 


Ad be denoted by , then BA= = Sx, 
and AC = . But [47. 1. FL. bo 
BA*+AC?* which being expreſſed — 8 
| cally, beco mes, hb HH] +=) = 
BER +2 . Ladle, from a known 


property 


# vs 


- Ah 
property of right angled triangles, BEXAD 
Ax AC; that is bx=(<Z==x == =) 
= —. . This laſt equation being 
multiplied by 2, and added to the former, 
gives b*+2bx= 2 N, which being 
reſolved according to the rules of Part I. 
Chap. 5. gives x=a+b—,/ 2ab+26*. 
To conſtruct this: a+6 is the ſum of the 
perimeter and perpendicular, and is given 


* 55888 26 is a mean propor- 


tional between a4b and 26, and may be 
found; therefore, from the ſum of the peri- 
meter and perpendicular, ſubtract the mean 
proportional between the ſaid ſum and 
double the baſe, and the remainder will be 
the perpendicular required. 
From the baſe and perpendicular, the 
right- angled triangle is eaſily conſtructed, 
In numbers, let BA AC TAD 18.8 
a; BCE 10=b; then AD Y Za 
228.8 7/576 = 4.8 x, and BA+AC=14. 
By either of the firſt equations y*=25*þ2ax 
-a -* and y=BA—AC=2 ; therefore 
BA =8, and AC=06. | | | 


The 
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Tue geometricab expreſſion of the roots of 
final equations ariſing from problems, may be 
\ Found; without reſolving them, by the interſec- 
tion of geometrieal lines. Thus, the roots of a 
quadratie are found by the interſections of 
the eircle and ſtraight line, thoſe of a cubic 
and biquadratic, by the interleQions of two 
conic ſections, &c. 

_ The ſolution of pb may be effected 
alſo by the interſections of the loci of two 
intermediate equations without deducing a 
final equation: But theſe two laſt methods 
can only be underſtood by the doctrine of 
the loci of (cw x ane | 
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| Of the Definition of Lines by Equations. 
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INES which can be mathemati- 
cally treated of, muſt be produced ac- 
cording to an uniform rule, which deter- 
mines the poſition of every point of them. 
This rule conſtitutes the defenztion of any 
line from which all its other properties are 
to be derived. . 

A ſtraight line has been conſidered as fo 
ſimple, as to be incapable of definition. The 
curve lines here treated of, are ſuppoſed to be in 
a plane, and are defined either from the ſec- 
tion of a ſolid by a plane, or more univerſal- 
ly by ſome continued motion in a plane, ac- 
cording to particular rules. Any of the pro- 
perties which are ſhewn to belong peculiarly 
to ſuch a line, may be aſſumed allo as the defi- 

nition 
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nition of it, from which all the others, and 
even what upon other occaſions may have 
been eonſidered as the primary definition, 
may be demonſtrated. Hence lines may be de- 
fined in various methods, of which the moſt 
convenient is to be determined by the pur- 
poſe in view. The ſimplicity of a defini- 
tion, and the eaſe with which the other pro- 
perties can be derived from it, generally 
give a preference. 


DEFINITION s. 


I. When curve lines are defined by equa- 
tions, they are ſuppoſed to be produced by 
the extremity of one ſtraight line, as PM 
moving in a. given angle along another 
ſtraight line AB given in n which is 
called the baſe. 


44 
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II. The ſtraight line PM moving along 


the other, is called an Ordmate, and is uſu- 
ally denoted by. 


III. The ſegment of the baſe AP between 
a given point in it A, and an ordinate PM, 
is called an Ab/ci/s with reſpect to that ordi- 
nate, and 18 denoted by x. 'The ordinate 


and abſciſs together are called Co-ordmates,.. 


IV, If the relation of the variable abſciſs 
and ordinate AP and PM, be expreſſed by 
an equation, which beſides x and y contains 


only known quantities, the curve MO de- 


ſcribed by the extremity of. the ordinate, 
moving along the baſe, is called the Locus 
of that equation, | 


V. If the equation is finite, the curve is 
called Algebraical . It is this claſs only 
which js here conſidered. 
VI. 


® The terms Geometrical and Algebraical, as ap- 
plied to curve lines, are uſed in different ſenſes, by 
different writers; there are ſeveral other claſſes of 
curves beſides what is here called algebraical, which 
can be treated of mathematically, and even by meang 
of algebra. See Scholium at the end. 
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VI. The dimenſions of ſuch equations are 
eſtimated from the higheſt ſum of the ex- 
ponents of x and y in any term.—Accor- 
ding to this definition, the terms *“, xy, 
*.*, x97, 1* are all of the ſame dimenſion. 


VII. Curve lines are divided into orders 
from the dimenſions of their' equations, 
when freed from fractions and ſurds. 


In theſe general definitions, the ſtraight 
line is ſuppoſed to be comprehended, as it is 
the locus of ſimple equations. The loci of 
quadratic equations are ſhewn to be the co- 
nic ſections, which are hence called _ of 


the ſecond order, &c. 


8 ſufficiently plain from * nature of 
an equation, containing two variable quan- 
tities, that it muſt determine the poſition of 
every point of the curve, defined by it in 
the manner now deſcribed: for if any par- 
ticular known yalue of. one of the variable 
quantities as x be aſſumed, the equation will 
then have one unknown quantity only, and 


being reſolved, will r a grounds number 
| of 
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of correſponding values of , which deter- 
mine ſo many points ot the curve. 


As every point of the locus of an equa- 
tion has the ſame general property, it muſt 


be one curve only, and from this equation 


all its properties may be derived. It is plain 
alſo, that any curve line defined from the 
motion of a point, according to a fixed rule, 
muſt either return into itſelf, or be extend- 
ed ad inſinitum with a continued curvature. 


The equation, however, is ſuppoſed to be 
irreducible; becauſe, if it is not, the locus will 
be a combination of inferior lines: but this 
combination will poſſeſs the general proper- 
ties of the lines of the cnney of the given e- 
quation. | 


It is to be abſerned all along, that the po- 
ſitive values of the ordinate, as PM, being 


taken upwards, the negative Pm will be 
placed downwards, on the oppoſite ſide of 
the baſe : and if poſitive values of the ab- 
ſciſs, as AP, be aſſumed, to the right from its 
beginning, the negative values, AP will be 
| i WY upon 


* 

K tre IE. — ep. = > et F N 
— —— — — — 
— 24 * „„ — Tat”. 


— F ** 
== > 
. 


1 4 _ - ” A * N "ove; > 
„ ˙ A ee he 8 . 


Ms 


— 


2 4 


yy 2 * 
WA 


Et — 
— Le _ 4 
2 — i 


Ee > 3 fa. 


— — 


r 


PERS we 


8 
2 _ 


— - 
* —4 , =" 
2 


6234) 


upon the left, and from theſe the points of 
the curve M, m, on that fide are to be deter- 
mined. ; 


In the general definition of curves it is 
uſual to ſuppoſe the co-ordinates to be at 
right angles. If the locus of any equation 
be deſeribed, and if the abſciſs be aſſumed 
on another baſe, and the ordinate be placed 
at a different angle, the new equation ex- 
prefling their relation, though of a different 
form, will be of the ſame order as the ori- 
ginal equation; and likewiſe will have, in 
common with it, thoſe properties which 
diſtinguifh the h of that particular 
* 


This wed: of n '0 curves 15 0 e- 
quations may not be the fitteſt for a full 
inveſtigation of the properties of a particu- 
lar cutve; but, as their number is without 
limit, ſuch a minute inquiry concerning all, 
would be not only uſeleſs, but impoſſible. 
It has this great advantage, however, that 
many of the general affections of all curves, 
and of the diſtinct orders, and alſo ſome of 

the 


6 


the moſt uſeful properties of particular 
curves, may be eaſily derived from it. 


I. The 8 f the Figure if 
Curve from its Ae 


The n gur of the curve may be 
found by ſubſtituting ſucceſſively particular 
values of x the abſciſs, and finding by the 
reſolution of theſe equations the correſpon- 
ding values of y the ordinate, and of conſe- 
quence ſo many points of the curve. If 
numeral values be ſubſtituted for x, and al- 
ſo certain. numbers for the known letters, 
the reſolution of the equation gives nume- 
ral expreſſions of the ordinates; and from 


theſe, by means of ſcales, a mechanical de- 
| ſcription of the curve will be obtained, which 


may often be uſeful, both in pointing out 


the general diſpoſition of the figure, and 
alſo in the prattical applications of geome- 

Some more general ſuppoſtions may be 
of uſe in determining the figure; but theſe 
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can'be ſuggeſted only from the particular 
form of the equation in view. By ſuppo- 
ſing x to have certain relations to the known 
quantities, the values of y may become more 
fimple, and the equation may be reduced to 
ſuch a form as to ſhew the direction of the 
curve, and ſome of its obvious properties. 


The followia g general obſervations may al- 
ſo. be laid down. th © 


I. If in any caſe a value of y vaniſhes, 
then the curve meets the baſe in a point de- 
termined by the correſponding value of x. 
Hence by putting y go, the roots of the e- 
quation, which in that ſituation are values 
of x, will give the diftances on the baſe 
from the poirit aſſumed as the beginning of 
X, at which the curve meets 1 


2. If at a cattidaler vals of x, y We 
infinite, the curve has an infinite arc, and 
- the” ordinate at that point becomes an 
aſymptote. 


3. If when x becomes infinitely great, 7 
vaniſhes, the baſe becomes an aſymptote. , 
4. 
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4. If any value of | y becomes impoſſible, 
then ſo many interſections of the ordinate 
and curve vaniſh. | If at any value of-x all 


the values of y become impoſſible, the ordi- 
nate does not there meet the curve. 


7 If two * of become equal and 
have the ſame ſign, the ordinate in that ſi- 
tuation either touches the curve, or paſſes 
through an interſection of two of its bran- 
ches, which is called a punqdtum duplex, or 
through an oval become infinitely Os 


called a punctum en. 


In like manner is a punc tum ile, Sc. 
to be determined. 
The = example will ns 
this doctrine. 
Let the equation be ay — . — t 


Therefore 2 8 — and —_ 2 


4 — 


the abſciſſes are to by: Za from A, 2 


the ordinates perpendicular to it. 
a | Since 
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Since the two values of 5 are equal, but 
have oppoſite ſigns; PM, and Pm which 
repreſent them, muſt be taken equal to each 
other on oppoſite ſides of AB; and it is 
plain that the parts of the curve on the two 
ſides of AB, muſt be every way ſimilar and 


equal. 
It x is made equal to a, then y=x 


which is an algebraical expreſſion for i 
ty; therefore if AC is taken equal to a, the 
perpendicular CD will become an affymp- 
tote to the curve, which will have two in- 
finite arcs (Obſ. 2. ). If x js greater than a, 
the quantity under the radical ſign becomes 

negative, and the values of y are impoſlible; | 
"that is, no part of the curve * ee CD. 


(+) 
Both branches of the curve ey . 
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5 A, ſince y So, when 228. (i.) Let x be 


negative, and yx SEE = 3 the values 


of y will be poſſible, if x is not reach; 
but if , hen 5=s, and if x is greater than 6, 
the values of 7 become impoſſible ; that is, 
if the abſciſs BY be taken 40 the left of A, 


and 
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and leſs than b, there will be two real equal 
values of , viz. PM, Pm on the oppolite 
ſides as before; if AE be. taken equal to þ 
the curve will paſs through E, and no part 
of it is beyond E. (I. and 4.) . 


- 


The eus been A and Ei ell 
Nodus. 
If y be put =o, then the values of & are 
o, o, -b. That is, tile curve paſſes, twice 
through A, or A is a punctum duplex, and 

it paſſes alſo through E as before. (I.) 
The mechanical deſcription of curves 
mentioned in the beginning of this ſection, 
may be illuſtrated T7. the preceding ex- 
ample, 
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ample. For this purpoſe, let any numeral 
values of a and & be aſſumed; and if ſucceſ- 
five numeral values of x be inſerted, corre- 
ſponding numeral values of y will he ob- 
tained, by which ſo many points in * 


curve may be conſtructed. 
Let AC=a=10; AE=b=12;. and, firſt 


x+b 
let 21, then pk T == B=+ 


1.2 nearly which gives the Arn of the 
ordinates when the abſciſs is 1; and in the 
ſame manner are the ordinate to be found 
when * is 2, 3, or any other number. 


Thus, if & , then 92 xv 5 = 12.73 


nearly ; and if AP be taken from the ſcale 
of equal parts (according to which AB and 
AE are ſuppoſed to be laid down) and e- 
qual to 6, then PM, Pm, being taken from 
the ſame ſcale, each equal to 12.73, will 
give the points of the curve M, m. In 


le manner, If — r AE — 


3. 88, nearly; and if AP= 29 then PM, Pm 

being taken from. the ſame ſcale equal to 

3. e give the points / 1 1 In the 
lame 
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ſame manner may any number of points be 
found, and theſe being joined, will give a 
repreſentation of the curve, which will be 
more or leſs juſt, according to the number 
of points found, and the accuracy of the ſe- 
veral operations employed. 

By the ſame methods the locus of any 0 o- 
ther equation is to be traced: Thus, by 
varying the former equation, the figure of 


its locus will be varied. If ö o, then the 


points A and E coincide, the nodus vani- 
ſhes, and A is called a Cu/prs. 

If b is negative, then E i is to the right of 
A, which will now be a punctum conjuga- 
tum. The reſt of the curve will be between 
E and C, and CD becomes an aſſymptote. 

If ago then — Y Xx - or e 
* which is an equation to the circle of 
which b=AE is the diameter. 


II. General Properties of Curves from their 
Equations. 
The general properties of equations lead 


to the general affections of curve lines, For 
example, 


H h 24+ 
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A ſtraight line may meet a curve in as 
many points as there are units in the di- 
menſion of its equation; for ſo many roots 
may that equation have. An aſymptote 
may cut a curve line in as many points ex- 
cepting two, as it has dimenſions, and no 
more. The ſame may be obſerved of the 
tangent. 


Impoſſible roots enter an equation by 
pairs, therefore the interſections cf the ordi- 
nate and curve mult vaniſh by pairs. 

The curves of which the number expreſ- 
ſing the order is odd, muſt have at leaſt two 
infinite ares; for the ab ſciſs may be ſo aſſu- 
med, that, for every value of it, either poſi- 
tive or negative, there muſt be at leaſt one 
value of 5, &c. 

The properties of the coefficients of the 
terms of equations mentioned Part II. Chap. 
1. furniſh a great number of the curious and 
univerſal properties of curve lines. For ex- 
ample, the ſecond term of an equation is 
the ſum of the roots with the ſigns chan- 
ged, and it the ſecond term is wanting, the 
| poſitive and negative roots muſt be equal. 
From this it is eaſy to demonſtrate, © hat, 
if 
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if each of two parallel ſtraight lines meet a 
curve line in as many points as it has di- 
menſions, and if a ſtraight line cut theſe 
two parallels, ſo that tlie ſum of the ſeg- 
ments of each on one ſide, be equal to the 
ſum of the ſegments on the other, this 
ſtraight line will cut any other line parallel 
to theſe in the ſame manner.“ Analogous 
properties, with many other conſequences 
from them, may be deduced from the com- 
poſition of the coefficients of the other terms. 
Many properties of a particular order of 
eurves may be inferred from the properties 
of equations of that order. Thus, if a 
ſtraight line cut a curve of the third order 
in three points, and if another ſtraight line 
be drawn, making a given angle with the 
former, and cutting the curve alſo in three 
points, the parallelopiped by the ſegments 
of one of theſe lines between its interſection 
with the other, and the points where it 
meets the curve, will be to the parallelopi- 
ped by the like ſegments of the other line 
in a giyen ratio.“ This depends upon the 
compoſition of the abſolute term, and may 
be extended to curves of any order. | 


III. 
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Il. The Subdiviſion of Curves. 


As lines are divided into orders from the 
dimenſions of their equations, inlike manner, 
from the varieties of the equations of any or- 
der, may different Genera and Species of that 
order be diſtinguiſhed, and from the peculiar 
properties of theſe varieties, may the affec- 
tions of the particular curves be diſcovered. 

For this purpoſe a complete general equa- 
tion 1s aſſumed of that order, and all the va- 
rieties in the terms and coefficients which can 
affect the figure of the locus are enumerated. 
It was formerly obſerved, that the equa- 
tions belonging to any one curve, may be 
of various forms, according to the poſition 
of the baſe, and the angle which the ordi- 
nate makes with it, though they be all of 
the ſame order, and have alſo certain pro- 
| perties, which diſtinguiſh them from the o- 
ther equations of that order. 

The locus of ſimple equations is a Araigbt 
ine. There are three ſpecies of lines of the 
ſecond order, which are eaſily ſhewn to be 


the conzc ſections, reckoning the circle and 
_ ellipſe 
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ellipſe to be one. Seventy-erght ſpecies 
have been numbered of the third order: 
And, as the ſuperior orders become too nu- 
merous to be particularly reckoned, it is u- 
ſual only to divide then into certain ge- 
neral claſſes. 5 

A complete arrangement of the curves of 
any order, would furniſh eanons, by which 


the ſpecies of a curve whoſe equation is of 
that order might be found. | 


IV. 07 the place of Curves defined from 
other principles, in the Algebraical Sy- 


If a curve line be defined from the ſec- 
tion of a ſolid, or from any rule different 
from what has been here ſuppoſed, an e- 
quation to it may be derived, by which its 
order and ſpecies in the algebraical ſyſtem 
may be found. And, for this purpoſe, any 
baſe and any angle of the co-ordinates may 


be aſſumed, from which the equation may 
be 


| 
| 
| 


— — —— - > — 
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be moſt eaſily derived, or may be of the 


moſt {imple form. | 

The three Come Sections are of the nd 
Kira as their equations are univerſally 
quadratic; the Gf/ozd of the antients is of 
the third order, and the forty-ſecond ſpecies, 
according to Sir Iſaac Newton's enumera- 


tion; this is the curve defined by the equa- 


tion in page 241. when 60, The curve 
delineated in page 239. is the 41ſt ſpecies. 
When 6 is negative in that equation, the 
locus is the 43d ſpecies. The Conchoid of 
Nicomedes is of the fourth order; the Caſſi- 
nian curve is alſo of the fourth order, &c. 
It is to be obſerved, that not only the firſt 
definition of a curve may be expreſſed by an 
equation, but likewiſe any of thoſe theo- 
rems called loci, in which ſome property is 
demonſtrated to belong to every point of the 
curve, The expreſſion of theſe propoſitions 
by equations, is ſometimes difficult ; no ge- 
neral rules can be given ; and it muſt be left 


to the ſkill and experience of the learner. 


SCHOLIUM. 
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This method of treating curve lines by 
equations, beſides the uſes already hinted at, 
has many others, which do not belong to 
this place; ſuch are, the finding the tan- 
gents of curves, their curvature, their areas 
and lengths, &c. I he ſolution of theſe 
problems has been accompliſhed by means 


of the equations to curves, though by em- 
ploying, concerning them a method of rea- 


ſoning different from what has been here 
explained. | | 
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i. Conflrudtion of the Loci of Equations. 


THE deſcription of a curve, according 
. to the definition of it, is aſſumed in 


geometry as a Poſftulate *. 


A poſtulate in geometry ſeems to be improperly 
called a mechanical principle. No geometrical line 
whatever, not even the ſtraight line or circle, can be 
deſcribed mechanically according to the mathematical 
definition ; and therefore the ſolutions of problems by 
the conic ſections, or by any of the higher orders, is 
to be conſidered; in theory, as equally perfe& with 
thoſe by the circle and ſtraight lines. It is a rule in 
friſt geometry, not to employ a curve line in the ſolu- 
tion of a problem, if it can be performed by means of 
a line of an inferior order; but, when a practical ſolu- 
tion is required, then thoſe lines, of whatever order, 
bt of whatever claſs; and thoſe methods of deſcribing 

9 E608 6 them 
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If the properties of a particular curve 
are inveſtigated, it will appear that it may 
be deſcribed from a variety of data different 
from thoſe aſſumed in the poſtulate, by de- 
monſtrating the dependence of the former 
upon the latter. 

As the definitions of a curve may be va- 
rious, ſo alſo may be the poſtulates, and a 
definition is frequently choſen from the 
mode of deſcription connected with it. The 
particular object in view, it was formerly 
remarked, muſt determine the proper choice 

of 


them are to be preferred, by which the conſtruction 
required may be moſt eaſily and accurately perform - 
ed, Thus, even the 2d and 3d prop of I. B. of Euclid 
are conſtructed in practice, with much more eaſe and 
accuracy, by transferring à diſtance in a pair of com- 
paſſes, than by the methods there deſcribed ; but that 
principle not being aſſumed by Euclid as a £211 
could Nat be admitted in the conſtruction of any pro · 
blem in his elements. There are but few mechanical 
operations which admit of tolerable accuracy, and 
hence the great advantage of arithmetical calculations 
in the practical arts founded on geometry. By theſe 
the more complicated conſtructions of geometry are 
reduced to thoſe ſimple operations which are found by 
experience to be capable of greateſt exactneſs. 


of a definition; the ſimplieity of it, the 
eaſe with which the other properties of the 
figure may be derived from it, and ſome- 
times even the eaſe with which it can be 
executed mechanically, may be nes 
as important circumſtantes. 

In the ſtraight line, the cirele, the conic 
ſections, and a few curves of the higher or- 
ders, the moſt convenient definitions, and 
the poſtulates connected with chem, are ge- 
nerally known and received. An equation 
to a curve may alſo be aſſumed as a defini- 
tion of it, and the deſcription of it, accor- 
ding to that definition, may be conſidered 
as a poſtulate ; but, if the geometrical con- 
ſtruction of problems is to be inveſtigated 
by means of Algebra, it is often uſeful to 
| deduce from the equation to a curve, thoſe 
data, which, from the geometrical theory of 
the curve, are known to be neceſſary to its 
deſcription in the original poſtulate, or in 
any problem founded upon it, This is 
called conſtructing the locus of an equation, 
and from this method are generally derived 
the moſt elegant conſtructions, which can be 
obtained by the uſe of algebra. In the fol- 

lowing 
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lowing ſection, there is an example of a 
problem reſolved by ſuch conſtructions. 
Sometimes a mechanical deſcription of a 
curve line defined by an equation is uſeful ; 
and, as the exhibition of it by ſuch a motion 
as is ſuppoſed in that definition, is rarely 
practicable, it generally becomes neceſſary to 
contriye ſome more {imple motion which 
may in effect correſpond with the other, 
and may deſeribe the curve with the degree 
of accuracy which is wanted. Frequently, 
indeed, the only method which can be con- 
veniently praQtiſed, is the finding a number 
of points in the curve by the reſalution of 
numeral. equations, 1n the manner mention- 
ed in Sea. 1. of this Chapter, and then 
Joining theſe points by the hand ; and 
though this operation is manifeſtly 1 imper- 
fe, it is on ſome occaſions uſeful. 


— 


Ce II. Solution 9-4 Problems 


The ſolution of ice) problems by 
algebra. is much promoted, by deſcribing 


( 

the loci of the equations ariſing from theſe 
problems. 2 
For this purpoſe, equations are to be de- 
rived, according to the methods formerly 
deſcribed, and then to be reduced to two, 
containing each the ſame two unknown 
quantities. The loci of theſe equations are 
to be deſeribed, the two unknown quanti- 
ties being conſidered as the co-ordinates, | 
and placed at the ſame angle i in both. The 
co-ordinates at an interſection of the loci, 
will be common to both, and give. a folution 
of the problem. 

The ſimplicity of a conſtruction obtained 
by this method. will depend upon a proper 
notation, and the choice of the equations of 
which the loci are to be deſcribed. Theſe 
will frequently be different from what would 
be proper in a «ferent method of ſolution. 
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7s fads Þ Point F in the 506 the given 

Triangle ABC, ſo that the Sum of the 
Squares of FE, FD drawn from it perpen- 
dicular upon the two Bees may be equal 
208 F Space. 


6 "Draw BH, cc perpendicular on the two 


gan and let ma 
, FE =, BF = 

BC=6, BH=p, 00 
r, and the given 


_—_ FD* +FE* = 
1 fimilar- tri⸗ 


H 
angles 2: * 25: r 
and z= = | | E 
Alſo WE I 3: * wes. 0 
and 2 = b — - 
therefore E=b—L 


That is = -, an equation to a ſtraight 
line, | 


But 
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But x*+3*=m?. of which the locus is a 
circle, having m for the radius. By con- 
ſtructing theſe loci, their interſection will 
give a ſolution of the problem. 

Ls KL=CG (Sr. be at right angles to 
KM t to which let LN 
be parallel; LN is the 
locus of = L 
any "by 5 be 
dravyn parallel to LM. N. 


if KP=x, then P Q= 
5 =, and QO=LM=p, 


therefor manta 


"ke the centre 
K, with a diſtance e- 
qual to the line , let 
acircle be deſcribed ; that circle will be the 
locus of the equation X , for it is 
plain that if OP be any perpendicular from the 
cireumference upon KL, KP being x, OP will 
be . bither of the points therefore - 
which theſe two loct interſect each other, as 
O, will give OP an ordinate in both equa- 


tions, 
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tions, KP being the common abſciſs; therez 
fore KP, OP are the two Perpendieulara re- 
quited, from Which the Tune” F is cy 
found. 75 

The conſtruction might have: been wade 
on figure 1ſt, with fewer lines. If the circle 
touches LN, there is only one ſolution 
which is a minimum ; - and if the circle 
does not meet LN, the problem becomes 5 
impoſfible. 

When the circle touches LN, the radius 
n muſt be equal to the perpendicular from 


K on LN, or from L on KM. This per- 


pendicular 1 is Equal to 5 or a fourth 


proportional to MK, KL, and LM, and its 
ſquare therefore is the leaſt ſum of the ſquares 
of the perpendiculars from a point in the 
3baſe on the two ſides. 

It may be remarked alſo, that the point 
which gives the ſum of the ſquares a mini- 
mum, is found by dividing the baſe, in the 
proportion of the ſquares of the two ſides of 
the triangle; and this is eaſily demonſtrated 


from the preceding conſtruction. 


p R O B. 
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Between two given Lines to o fn two mean 
Propertionals. 


Let the lines be a and 6, and let the two 
means be x and ; therefore a :x:: b, and 
hence ay=x?, and bx , which are both e- 
quations to the parabola, and are eaſily con- 
ſtructed. The co-ordinates at the inter- 
ſection of theſe two loci, will be the means 


required, 
If one unknown quantity only is aſſu- 
med, or if it is convenient to deduce a final 


equation containing only one, the conſtruc- 
tion of the roots is to be obtained by the 
method mentioned in the next ſection. 


0 H 0:L,/1:U N 


The conſtructions of the two preceding 
problems are geometrical; but it is ſome- 
K k times 
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times convenient to have a practical ſolu- 
tion, by the mechanical deſcription either of 
the algebraical lines employed in the geo- 
metrical ſolution, or of other geometrical 
lines by which it can be effected. But few 
of theſe are tolerably accurate, ſo that, in 
general, by means of calculation, the prac- 
tical operations are all reduced to what may 
be performed by a ruler and a compaſs. 


III. Conſtruction of Equations. 


The roots of an equation, containing on- 
ly one unknown quantity, may be found by 
the. interſection of lines, the product of 
whoſe dimenſions is equal to the dimenſion 


of that equation. And hence problems are 
refolved without an algebraical ſolution of 


the equation arifing from them. 


Thus cubic and biquadratic equations may 
be conſtructed by the interſections of two 
conic ſeQtions as the circle and parabola, 
which are generally aſſumed as being moſt 
caſily deſcribed, | 
In order to find theſe conſtructions, a new 


equation is to be aſſumed, containing two 
variable 
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variable quantities, one of which is the un- 
known q«antity of the given equation, and 
the other by ſubſtitution is tobe inſerted al- 
ſo in the given equation; the interſection of 
the loci of theſe equations will exhibit the 
roots required, 

Canons may be deviſed for the conſtruc- 
tion of particular orders, without aſſuming 
the new equation. 

The final equation from prob. 5. would 
be x*=a*b, which being canſtrutted accor- 
ding to the rules, exhibits the common geo- 
metrical ſolution of that problem by the 
circle and parabola. 

If an equation be aſſumed, as ay =x?, the 
other by ſubſtitution becomes xy=ab ; the 
locus of the former is a parabola, and of the 
latter an hyperbola, one of its aſſymptotes 
being the baſe, and the co-ordinates at their 
interſection will repreſent x and y ; the firſt 
of the two means is x, and in this caſe y is 
the other, | 

Equations alſo might be e! ſo as to 
give a ſolution of this problem by other 
combinations of two of the conic ſections, 
one of them not being the circle, 


As 
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As geometrical magnitudes may be re- 
preſented by algebra, ſo algebraical quantities 
and numbers may be repreſented by lines. 
Hence this conſtruction of equations has 

ſometimes been uſed as an eaſy method of 
approximation to the roots of numeral equa- 
tions. For this. purpoſe, the neceſſary 
ſtraight lines muſt be laid down by means 
of a ſcale of equal parts, and the curve lines, 
on whole interſection the conſtruction de- 
pends, muſt be aQtually deſcribed ; the line- 
ar roots being meaſured on the ſcale, will 
give the numbers required. Theſe opera- 
tions may be performed with ſufficient ac- 
curacy for certain purpoſes ; but, as they 
depend on mechanical prineiples, the ap- 
proximation obtained by them cannot. be 
continued at pleaſure; and hence it is ſel- 
dom uſed, except in finding the firſt ſtep of 
an approximation, which is to be carried 
on by other methods. 


. 


1 
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If the relation between the ordinate and 
abſciſs be fixed, but not expreſſible by a 
finite equation, the curve is called Mechani- 


cal * or Tranſcendental. This claſs is alſo 


ſometimes defined by equations, by ſuppo- 


ſing either x or y in a finite equation, to be 
a curve line, of which the relation to a 
ſtraight line cannot be expreſſed in finite 
terms. 5 

If the variable quantities x or enter the 

exponents of any term of an equation, the 
locus of that equation is called an Exponen- 
tial Curve. | | 

Many properties of theſe two claſſes of 
curves may be diſcovered from their equa- 
tions. 


* The term Mechanical, in this place, is uſed 
merely as the name of a particular claſs of curves, 


without implying that they have any more depen- 


dence on the principles of Mechanics or Phyſics, 
than the algebraical curves which have been treated 
of. 
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